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Abstract. In the paper we present the method of calculating the determinant of the block 
matrix which characterizes internai heat conduction in the 3D case. The Finite Différence 
Method can be used.

Introduction

The déterminants of the block matrices are applicable among others in prob- 
lems of heat transfer. For example, the Finite Différences Method (FDM) for the 
Fourier équation (in the case of the internai nodes) leads to the seven-band internai 
équations in each time step and then the matrix of the system équations is a five- 
band block matrix.

1. Solution of the problem

The heat conduction équation for 3D problem is as follows

52T(x, y, z, t) ! d2T(x,y,z,t) d2 T (x, y, z,t)\ ~dT(x, y, z, t)
dx2 dy2 dz2 J PC dt

where A is a thermal conductivity, c is a spécifie heat, p is a mass density and T, x, 
y, z, t dénoté the température, geometrical co-ordinates and time.

Assuming the following différence quotients we obtain the differential 
approximation of the second derivatives appearing in the équation (1) [1]

—— =----------- — ------------ , \<i<m — \ (2)
A.v (Ai)
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\-T T -IT +TA 1 ^ij.kj^Tj+i.kj

Aj2 (Aj)2
~ ^Tkl,k,l + 1 <, < ,

Az2 (Az/

and the approximation of the fïrst derivative of the time

— = T,J’kJ Ti-J-k’l~l, l<l<q (3)
Ai Ai

So, the internai itérations takes the following differential form

,fA2r A2T A2!} AT
2---- r +--t +-----r\ = pc----  (4)

I^Av2 A y" A z2 J At

and the Finite Différence Method leads to the seven-band of the internai system of 
équations
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in each time step l.
For example, we present the First three équations of the system for 1 < i < 3, 
1 <7 <3, 1 < k<3.
So, the first équation of the system takes the form

22 22 22 pc
(Av)2 (A y)2 (Az)2 Ai , v ,

-- -----------+ 0 ' T2.22J + 0 ' T3.22.l + 0 ' ^,3.12 + 0 ' T223.\.l + 0 ' T3.3,1J + (6)

(AjO

—-----+ 0 • T212l + 0 ■ T312l + 0 ■ T122l + 0 • T2 2 2 l + 0 ■ T3 2 2 l +
(Az)

T___ -__T +0-T +-£1,1,1,Z 7 \2 2 2,1,1,/ V 13,1,1,/
( Axi
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+ 0 ’ ^1,3.2.! + 0 ' T2,3,2J + 0 ' T3,3,2.l + 0 ' Tl.l.3.l + 0 ’ T2.1,3,l + 0 ’ ^3,1.3,/ +

+o • 7] 2 3 ; + o ■ t2 ? 3 , + o ■ r3 2 3, + o • 7 ', 3 ; + o • t2 3, , + o • r33 3 ; =

= —-—T +—-—T +—-—T +—T
(A.v)2 (Ay)2 (Az)2 ''IA/ AZ

the second équation of the system is as follows

T , f 22 , 22 , 22 , 2
(A.v)2 WJ I»2 (Ay)2 (Az)2 At J 2-w (Ax)2 3W

+ 0 ' ^1,2,1,/ “7------77 ^2.2,1,1 + 0 ■ ^3,2,1,/ + 0 ' ^1,3,1,/ + 0 ’ T2,3,1,/ + 0 ’ T3.3.1J +

(M

+ 0 ' Tl,1,2,1 ~7------- ~~7T2,1.2,l + 0 ' T3,1,2,1 + 0 ' Tl.l,2.1 + 0 ' T2,2,2,l + 0 ' T3,2,2.1 + (7)
(Az)

+ 0 ■ 7] 3 2 I ''^'23 "> l ~*~^'^332Z + 0 ' ^1 1 3 l + 0 • Z7 1 3 , + 0 ■ Z3 1 3 z +

+ 0 ' Tl,2,3,l + 0 ' T2,2,3,1 + 0 ' T3,2,3,1 + 0 ' ^.3,3.1 + 0 ' T2,3,3,1 + 0 ' ^3,3,3.1 ~

—-—T +—-—T +—T 
(Ay)2 2'°X/ (Az)2 2X°'Z AZ 2

and the third équation of the system is present below

0-r —-—t + 2^ + 22 + 22 +P£_ f +(Ax)2 WJ [(Ar)2 (Ay)2 (Az)2 AZ J

+ 0’T2,1,/ +°’T,2,I,/ -- ----------- 71^3,2,1,1 +°T,3,1,/ + 0 ’ T2,3,\,l + 0 ’ ^3,3,1,/ +

(Ay)

+ 0 ' T1.1.2J + 0 ' T2,1,2,1  --------~~7T3,l.2J + 0 ' Tl,2.2,1 + 0 ’ T2,2,2.l + 0 ’ T3,2,2J + (8)
(Az)

+ 0 ' T1.3,2J + 0 ' T2.3,2,l + 0 ■ T3,3,2,1 + 0 ' T1.1.3.l + 0 ' T2.1.3,l + 0 ' T3

+ 0 ’ Tl,2,3,l + 0 ' T2,2,3J + 0 • ^,2,3,/ + 0 ’ T} 2 3J + 0 • T2 3 3J +0'7^

—-—T +—-—T, + — T 
(Ay)2 3MJ (Az)2 3'W AZ 3
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The matrix of the system has the form

i/ÄOcOOOOOt/OOO
AaóOcOOOOOt/OO 
OóaOOcOOOOOdO 
c 0 0 <v /? 0 c O (I I) 0 0 </ 
OcOèaiOcOOOOO 
OOcOèaOOcOOOO 
OOOcOOaóOOOOO 
0000c0Z>a/>0000 
00000 cOèaOOOO 
dOOOOOOOOoÄOc 
OdOOOOOOObabO 
OOc/OOOOOOO&aO 
OOOdOOOOOcOOa 
OOOOdOOOOOcOè 
OOOOOt/OOOOOcO  
OOOOOOrfOOOOOc 
OOOOOOOrfOOOOO 
00000000</0000
OOOOOOOOOdOOO
OOOOOOOOOOi/OO
OOOOOOOOOOOdO
000000000000^
0000000000000
0000000000000
0000000000000
0000000000000
0000000000000

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
6/ 0 0 0 0 
0 d 0 0 0 
0 0 d O O 
O O O d O 
O O O O d 
0 0 0 0 0 
c O O O O 
O c O O O 
b O c O O 
a b O c O 
b a O O c 
O O a b O 
c O b a b 
O c O b a 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
d O O O O 
O d O O O 
O O d O O 
O O O d O 
O O O O d

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
d O O O 
O d O O 
O O d O 
O O O d 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
a b O c 
b a b O 
O b a O 
c O O a 
O c O b 
O O c O 
O O O c 
0 0 0 0 
0 0 0 0

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
6/ o o o o 
O d O O O 
O O d O O 
O O O d O 
O O O O d 
0 0 0 0 0 
c O O O O 
O c O O O 
b O c O O 
a b O c O 
b a O O c 
O O a b O 
c O b a b 
O c O b a

(9)

where

22 22 22 pc

(Ai)‘ (At) ÍM
------ r, c =-------- -, d =-------- -(10)
(Ax)2 (Ayy (Az)2

The matrix A-$ can be written in the following block form

A2
D2
O D,

0
D2
a2

(11)
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where

Dl 0 c 0 0 d 0 0

A = Ai , d2 = 0 c 0 , C = 0 d 0
0 Ad 0 0 c 0 0 d

(12)

(14)

(15)

(16)4 =-A} 
c

Â. =-Ä2
" d 2 

where

The determinant of the matrix is calculated using the formulas presented in 
[2-4]

det .1, = <Z27 detd2 -dctpí, - VŽ /]• detÍAz +4Ž /,) =\ (17)
= det/L ■ det ( /12 - V2 dI2 } ■ det (A2 +^2 dl2\

where

det /L = c9 detAj ■ det (d, -a/2 Ą )■ detidj + V2 zj =
' V ’ (18)

= detdj -detidj -^2 c/J-detidj + \/2 c/J 

det(d2 -V2 dI2^ =

=det(dj -V2 dIx j-det^dj -VŽ (rf + c)Zj J-det^dj -V2
(19)
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det^2 +V2 d I^ =

= det(y4j + V2 d j 'det^, + V2 (r/ + c)/j J-det^, + V2 (d-c}ly
(20)

consequently

det/1, det/1 -det(^f -2c2 b^-det^A2 -2d2
i ■> \ t \ (21)

• deti A2 -2(<7 + c)* I{ I- det(/l2 -2(c7-c)" j

and finally

det A3 = (a3 - 2ab2 )[(2c2 )3 - (3a2 + 4Z>2 )(2c2 )2 + 2c2 (3a4 + 4/>4 ) - (a3 - 2aZ>2)2 ] ■

• [(2d2 )3 - (3a2 + 4Z>2 )(2d2 )2 + 2d2 (3a4 + 4Z>4 ) - (a3 - 2ab2 )2 ] •

• {[2(c + d)2 ]3 - (3a2 + 4b2 )[2(c + d)2 ]2 + 2(3a4 + 4Z>4 )(c + d)2 - (a3 - 2ab2 )2} ■

■ {[2(c - d)2 ]3 - (3a2 + 4/r )[2(c - d)2 ]2 + 2(3a4 + 4b4 )(c - d)2 - (a3 - 2ab2 )2}

(22)

The Mapie program presented the above product in the following form

det^3 =[a2 -2(c + d)2]a[a2 -2(b + c - d)2][a2 -2(Z> + <i)2]-

■[a2-2(b-dyL}[a2-2(b + c +d)2}(-2d2 + a2)- (2j)
■ [a2 - 2(b + c)2 ] [a2 - 2(b - c - d)2 ] [a2 - 2(b - c)2 ] ■

■ (-2b2 + a2 )[a2 - 2(b - c + J)2][a2 - 2(c - d)2 ](a2 - 2c2)

The procedure given above constitutes a special case of the general procedure 
for calculating the déterminants of the matrix block in the three-dimensional tasks.

In conclusion, this paper is the introduction to an algebraic solving équations 
occuring in the heat flow issues.
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