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Abstract. The object of investigation is an open exponential network with a messages 
bypass of Systems in transient behavior. The purpose of the research is to find stationary 
probabilities of States and the average characteristics of the network when the transition 
probabilities between the messages and bypass Systems of the network, parameters of the 
incoming flow of messages and services are time-dependent. To find the state probabilities 
and the characteristics of a network is used the apparatus for the multivariate generating 
fonctions. The examples are calculated on a computer.

1. General information

The results of research of the above networks in stationary behavior are given in 
[1-3]. In [4] investigated the network in a transition behavior, but when the proba
bility messages bypass between Systems, networks do not dépend on network status 
and time. To find the state probabilities of the network in a transition mode, we 
used the method of multidimensional generating functions, which was previously 
used to find the state probabilities of the other networks [5, 6]. In this paper we 
consider the case when the transition probabilities and messages bypass between 
the network Systems dépend on time.

2. Formulation of the problem

Consider an open exponential QN of arbitrary structure consisting of n QS, 
enumerated by numbers from 1 to n. Messages hâve a chance to join the queue, and 
with an additional probability to move immediately in accordance with the transi
tion probability matrix of the other QS, or leave the network. The probability of 
joining the QS dépends on the state of the QS and the number of QS with which 
the messages are sent to this QS. It is assumed that the incoming flow of applica
tions to the network is simple. The results of studies of such networks in the steady 
state are given in [1-4]. This paper describes a method of finding the time- 
dependent state probabilities of the network of such a network in the transient state.
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Let mi - number of identical service lineš in the QS S,, /, - a vector of dimen
sion n. consisting of zéros except the z-th component, which is equal to 1, z = l,n ;

- the transition probability of the message after service in the system S, into 

the system S., z,y = O, n, we assume the system So is the external environment. 
Let us consider the case when the parameters of the incoming flow of messages 
and services dépend on time, i.e. the time interval [r,z +Ar) in the network receives 
an message with a probability Ä(r)Ar + o(Ar), and if at the time t of service on the 
line z-th QS is located an message, at the range [r,z + Ar) of its services will end 
with a probability + o(Ar), / = !,». The message is sent to the z-th QS with

n
probability pOj, pOi = 1. The message sent to this QS from the external envi-

Z=1

ronment at moment time t, with a probability when the network is in
a state (k,t), joins the queue, and the probability 1-/(,)(A:,r) is not attached to the 
queue, regardless of handled (i.e., it’s time of service with a probability of 1 is 
equal to zero). If the message has been served in the z-th QS, it is likely to be sent 
immediately to the /-th QS with probability pij, and leaves the QN with the proba-

II
bility p,0, =1, i = l,...,n.

Let k(t) = (k,ť) = (khk2,...,kn,t) - the state vector of the network, where k, - the 
number of messages at the moment t in the system S,, i = l,n; - the condi- 
tional probability that the message is delivered to the z-th QS at time t, when the 
network is in a state will not be serviced by any of the QS; ip 1}(k,t) - the 
conditional probability that the message is delivered to the z-th QS outside at time i. 
when the network is in state (ł,t), the first time, a service in /-th QS; a^kp) - the 
conditional probability that the message, served in the z-th queuing system at time 
/, when the network is in a state (k,t), will no longer be served in any of QS; 
ßij{k,t) - the conditional probability that the message, served in the z-th queuing 
system at time t, when the network is in state (k,i) for the first time then receive 
services in they-th QS, z, j = 1, n.

According to the formula of total probability, we obtain:

7=1 A z = 1, n,
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n ---
a,(k,t) = pi0 + YPytPjiki = l,n, (2)

= i,j = l,n, (3)

where St/ - the Kronecker delta. We hâve the equalities

«,(k,t) = 1 - Z A, (k,t), <pt ( V) + E W (k, t) = 1, i, j = 1, n.
7=1 7=1

From (1) and (3) we find

V/,z (ä:,z) = /<,)(Ä:,Z)^/+(l- /('\A:,i))Ą (ä:-^,z) , kj = Vn- (4)

The probabilities of States of the network under considération satisfy the differ- 
ence-differential équations (DDE) is proved in [4]:

dP^ = -É MOa, 0 - (P, (k, 0) + A, (0 (1 - ß„ (k, f))min(m,, k, )] P(k, t) + 
dt z=i

+ / ,/)w(Á7)p(£ -7y,z) +
/=! /=!

+ ÉZf (0min(«,>k, +1)<z,(k +1,,t) P(k + I,,t) +

+ ^^(f)min(/M(, ä;,+1X(ä: + /,-/z,z)M(^H + /,-/;,z), (5)
<■7=1
'*7

where u(x)= 1 - is the Heaviside function.
v 7 10,x<0

3. Finding the state probabilities

Let mt= 1, i = 1, n , and suppose that all network system operating in high load 
mode, i.e. kt (Z) > 0 Ví > 0, i = 1, n , then the system (5) takés the form

dP^-^ = -X [l(z)p0, (1 - <p, (k, /)) + p: (z) (1 - /7„ (k, z))] P(k, z) + 
dl z-i

+ XZ)É É P^,j (k-ß^Pik-I^^+Y A, Û )a: (k + Ii,l)P(k + Ii,l) +
7=1 7=1 7=1

+ t,p(t)ßii(k + Il-Ii,t)p(k + I1-Ii,t). (6)
\7=l
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Note, that the number of équations in (6) is countable, when the network is 
open, and of course, when it is closed.

We denote by Tn(z,Z), where z = (z,^,...,^,), n-dimensional generating func- 
tion:

w oo od x x X n

^,=0^=0 k„=0 fc=1 £2=1 k. =1 /=!

the summation is taken over each kt, from 1 to oo , i = 1, n , because the network is 
operating in a high load mode.

Consider the case where the conditional probabilities ę>, y/^kd}, at(k,t),
ßtl{k,t) do not dépend on the state of the network. The expression for the generat
ing function (7) can be rewritten as

(z, Z) = C„ (z)expï- J X WOa, 0 - V, (0) + P, (O0 - ß« (O) +
l /=1

+ ^0Po,z, É(0 + A0^^ + A0Éß,j 0—K ■ ’ 

j=l Z; 7=1 Zi
(8)

where the function Cn(z) was defined in the proof of Lemma 2 in páper [4], from 
the conditions, that at the initial time the network is able to (xy,x2,...,xn,G), xi > 0, 
7=1,w, P(x},x2,...,xii,Q) = 1, P(kl,k2,...,kll,0) = 0, i = l,n:

C„ (z) = exp|A(0)t PiSl -1 PlllO, (0) + ±M, (o)- ± B„ (o) +
l 7=1 i=l i=l i=l

n n n 1 n n z , . n

+ Za,tZy„(o)+S-a,(o)+eX^b„(o) ik • (9)
7=1 J=] 7=] Z{ 7=1 ;=1 Z;. I 7=]

Let us introduce the following notations:

A(Z) = f A(t)dt, M, (Z) = f p, (t)dt ,0,0 = 12(z>, (t)dt, Y,, 0 = J2(zV,(t)dt,

A, 0 = j P, 0«, d)dt, B„ 0 = f /z, 0Ą (Z)i7z. (10)

Using the notation (10), expression (8) can be rewritten as

0 = Cn (0expí- ( A0Ž PO1 - É 0+0 - Ż B„ 0+
\ 7 = 1 7 = 1 7=1 7=1

U ,l / x n 1 z\ Yl n Z ■ /xl
+ X Yv0+ E-Az0+ ZZ-B.0 • (H)

Z = 1 j = l 7 = 1 Z ■ 7 = 1 / = 1 Z j J I
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Then from (9) and (11) that

-Ê(b.(«)-b.(o)) + Îp,z,É(y,W-y,(o))+É-(a.(()-a,(o))+
ż=l 1=1 j = l , = 1 Z,

+ ŹŻ-(BjO-BX<>)fc,' -
<=1 7=1 Z(. JJ ,-1

This expression can be rewritten as

(2, t) = a0 0exp í X PoA É (Y,; 0 - Y„ (°))Ix
U=i j=i J

X explÉ — (A, 0 - A (°))! exP jÉ É — K 0- B/y (0))lfl
(,=! Z., j (,=l 7=1 Z, J ,=l

«o 0 = exp|- É [((A0 - A(°)) - (®, 0 - (°)))Po, +
l >=1

+ (M, 0-M, (0))- (B„ (/)-B„ (0))]}. ( 12)

Transform (12) to a form suitable for Unding the state probabilities of the network, 
expanding its member exponential in a Maclaurin senes. From (7) and (12) that

T„(z,f) = aa(ť)ax{z,t)a1(z,t}a3(z,t')Ý\_zil >
/=1

where

", (z, ť) = exp/£ pOiz, f (y,; (z) - Y(/ (0))| = fl fl exp {pOi z, (y,7 (í) - Y,y (o))} =
(j=l j=l J /=1 7=1

=iïiï^[p°,z,(x;0-Y!,(°))];' = =

í=i 7=1/,=o Zy! /,=<) /„=o ,=i 7=1 /, !

=ż-żp“ „(7$,nn[(Y,(>)-Y,(o))i, 
4=0 /„=o ,=i 7=1

a2(z,t) = exp] É—(Ai 0 - A< (°)) ( = H exP 1 ~ (A, 0 “ A, (°))
(i=! Z, J í=l [ Zt

. , n[A,0-A,(o)]'" 
s-s-“—, 
‘/i-0 íři-0 • ... Q
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a3 (z, 0 = exp< É É—(Bw (0 - B„ (°)) =
l'=> '=1 z> J

■n n » J- (b„ w - b, (o))j=n n È .
/=1 y =1 ( Z,- J 1=1 7=1 y =0 r: !

■ž-žnn^"^^8",*0^'2'^ =nn^p|-(B,(')-B.(o))U

,,=0 r„=0,=l 7=1 r! ,=17=1 [zi J

Ï!

Multiplying a0(t), a3(z,ť), a2(z,f), a3(z,f) and YIzi obtain the expression
i-i

L-0,/,-0 </„-On=0

for the generating function (7) has the form:

n

where R = rt . 
i=i

4. Finding the average number of messages in the network Systems

It is known that the expectation of the c-th component of a multidimensional 
random variable can be found by differentiating the generating function (13) and 
putting on z, = 1, i = ],n . Therefore, the average number of messages in system 
will use the relation:
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^ÿ^ = «o(OÉ...ÉÉ...ÊÎ...Ê(x<;+Z<-^-rc+Â)x
OZC 4=0 l,=0t=0 </„=(>,i=0 ,„=0

*n TrMn(Y,, (0 - Y„ (0)î| (A, (0 - A, (o))" í n(b, 0 - B„ (o)ý|

It follows that the average number of applications in the system S is deter- 
mined by the formula

^(Z) = ^(M =ÍZo(ř)f...f c_q +ä)x

<*c _ 4=0 4,=0^=0 <j„=Oą=O ř„=0

n

xn
/=1

7r^fn(Yv0-Y„(°)^ (A;0-A,(o))’{n(B,y0-Bj/(o))>|
/, tyty ' y j=i j y/=i J

■(14)

We make in (14) change of variables kc = xc +lt, — q ,-rc + R , then
Z, =^c~ xc + 7, +i~c-R and

Pi,
(kt - xt + qt + rt - R^.q^.r^.

load mode

Po,

-07A,!

(A,(t)-A,(o)y n(Bÿ0-Bÿ(o)) (15)

Because the network operating system under high
= x, ~ 7, _ ri + R -1 and, therefore, qt < xt - r: + R -1, thus

<(O = ao(OS-5XS-S E - E x
A1=l /c„=l <1=0 r„=0 7i=0 7„=0

A,(o=o0(oE-EE-E e - Ey x
®=° fc=°'i=0 r„=o A^j-a-ij+Ä
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5. Example 1

Let the intensity 2(z) = 2z, //,(?) = zr,[cos(®iZ) + l], ? = !,». In this case

A(Z) = —Z2, A(0) = 0, Af. (?) = /<
sin(®,t)

, Af/O) = O, i = l,n . Suppose, that

the probability of adhérence message to the queue at time t is given by 
/(,) (?) = 1 - e " . From (10) follows that

<b (?) = J ^(t)^ (t)dt = JV, (r)<7A(r) = <p2 (r) A(r) — J ,

X, (0 = f 0 )di = J y/„ V )dA(l )=(0 a(/ ) - (Z ) A(z )dt,

A, (?) = J /z, (?)a( (t)dt = J a, (t)dMt (?) = a (t)Mt (?) - J (t)dt, 

B« (0 = J P, ^ß.j (t)dt = f Ą (t)dM. (?) = Ą (?)A/, (?) - J /?,' (t)M. (t)dt,

and we get that
(?) = expJ-£ ^(?2 -ę?,(?)?2 +fę?,'(r)?2J?)J 

z=i 2 
Ć7(

sin(ffi>;?) + _ j (?)(cos(ćy.?) +1)^

sin(iy/) _ .. i sin(ffl,i) ) r nl z J sin(?y,Z) j ,
I coi \ 0)i ) \ ®/ ) )

<&,(0) = °> Yÿ(o)=o, A;(o)=o, B„(o)=B„(o)=O, B„(o)=O, i,j = l,n. Condi- 

tional probabilities <pt W, '/ó, (?), at(t) and /?ÿ(z), according to (l)-(3), found from 

the relations

<p, 0=(i - (OJ p.o+É p„<p, (0 
k /='

(z) = /(I) (?)Ą + (1 - /(0 (Z))Ê P,,^ (z)

zt z\ Ä/(O = SA/^(O —
«żV) = Pi0 + YpIi<Pi\t.\ « , i,j = \,n. (16)

7=1

Solving the Systems of linear équations (16) in the package Mathematica, ana- 
lytical solutions can be obtained, but they are cumbersome already at n = 3. For 
example, expression for the conditional probability of a time-dependent <p t(z), at 
n = 3 has the form:
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<P 1(0= (k'A3k2>22

-k3' PuPio-^3' PnP^-^' pJf1' Pi, -1)))/

/((?''pj^Pll Pi2P23^4' PaPiV-^' Al -^'(f3'P33 -1))“

-^23^' P33P32 -^‘P32^'P33 ~ ’

and for the probability 21(t) :
21 (0 — (^ P10 ~ e P\ tPlO ~ £ Pit + Pit + PtüPlt + Pt3 Pit P 30 ' P13P3Ü ~

- PttPllPlO- PnPlttPlt -P23P3I +e'P23P3t +PttJP23P3t -e'PloPll +P2lPli>P33 +

+ Al A3 - e‘PitP33 - PtoPnPii)/^ + e5' Pn +

+ e3'PtlPlt + e4' P22 - e3’ PttPll + ß2‘ PtlPlt ~Pt3PllP3t + PtlPllPlt +Pt3PltP32 +

+ e<P23P32 -PnP23P32 +e3'P33 -e2'PttP33 -PnPitPii ~e<P22P33 -PnPuPii)-

Expression (13) takes the form

after simplification we obtain:

t„(z,o=«o(OÉ...ÉÉ...ÉÉ...Ê ń
6i=O‘/i=o <ïn=()i'i=^ rn=® /=1

a/Oicosi®/) + ijchf'

fnß.j (0(cos(®,i) + \)dt j (17)

Suppose we hâve found, for example, the probability of state It is the coefficient 
of zxz2 ■ ...-zn in the expansion of Tn(z,/) in multiple sériés (17), so that when the 
degree of z, must satisfy the relation x, + Z, - - r, + 7? = 1, i = 1, n , it follows that
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qi. = x. + Z; + rj -1, i = 1, n , qt + rt, = xs + lt; + r}. -1, i = 1, n ,
7=1 ' 7=1

l,+q, +r, =xi+^,+Hri “1 ’ i = ’ É0/ +iii 1 /') = ŻU +2//)+n(7?-l).
;=1 ’ /=1 /=1

Therefore, from (17) follows that

p(i,i,

(ja,(í)(cos(®/) + l)y//)1,+/' 7i'' ' nJ/7.(ř)(cos(®.Z) + l)íA

We assume that w = 10 and the initial time the network is in a state 
(2,2,2,2,2,2,2,2,2,2,0). We find the probability of the state P(l, 1,1,1,1,1,1,1,1,1,/), 
using the formula (17). Let the intensifies 2(/) = 2t, //,(/) = ///[cos(z»/) + l], tran

sition probabilities of messages are equal: pOi = 0.1, i = 1,10, pl0l = 0.1, i = 0,9, 

/?,0 = 0.5, i = 1,9, pJ]0 = 0.5, i = 1,9, pjf = 0, i = 0,10. In addition, the intensity of 

the service messages in the Systems are: u = 20.8, i = 1,4, = 10.22, z = 4,9,
/zl0 = 20.5 . The expression for the time-dependent probability of the state in the 
Systems of the network obtained by on a computer using a mathematical calcula
tion package Mathematica. Figure 1 shows a chart of this probability depending on 
the time t.

Fig. 1. The chart of probability of the state P(l,1,1,1,1,1,1,1,1,1,/)
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6. Example 2

We will consider the network described in Example 1. Let 2(1) = 2í, 
Ht{ť) = //. [cos(iy(Z) + l], transition probabilities of messages are equal: 
pOl = 0.1, i = 1,10 , plOi = 0.1, i = 0,9, pl0 = 0.5, i = 1,9, pll0 = 0.5, i = 1,9, 
pit = 0, i = 0,10, intensity of service messages in the Systems are: p, = 20.8, i = 1,4, 
pt = 10.22, i - 4,9, p]0 = 20.5 . The average number of messages in the Systems 
network (in the queue and service) at the initial time t = 0 equally Nt (o) = 0, 
z = 1,10 . Equation (15) to find the average number of messages in the Systems net
work when the network parameters and the conditional probabilities dépend on the 
time takes the form:

(7) = expt -

(j ai (t)(cos(ny) + ï)dtf' P| j ßy (l)(cos(®/) + l)dt

X]—/'] +7?—1
X ■■

ft=0
Z-Z^Z-Z
Aj=l k„=\ i\=0 rn=Q

+//. i ZüZZl + í- Íßu(Z)icos(co/) + \\dt 
m *

wdi

This example is designed on a computer using a mathematical calculation 
package Mathematica. Here are some of the values of the average number of 
applications in the Systems of the network (in the queue and service) at time 1 = 0.2, 
found using the program: Nßt) = 0.547, N2(ť) = 0.323, N„(ť) = 0.429, 
Nßf) = 0.522, N7(t) = 0.742, Nl0(f) = 0.654. Figure 2 shows a chart of the 
average number of messages in the QS S,- depending on time t.

Fig. 2. The chart of changes of the average number of messages /V,(l) in QS S3
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