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Abstract. The thermal wave model of bioheat transfer supplemented by houndary and ini-
tial conditions is considered. To solve the problem, the houndary element method (BEM) is
proposed. In the final part of the paper examples of numerical computations concerning
the determination of the temperature field in a heating tissue are shown.,

Introduction

leat transfer in living tissucs, subjected o the action ol strong cxternal heat
sources can be described using different mathematical models. The most popular
is the Pennes equation [1-5] based on classical Fourier law. According 1o the new-
est opinions |6-9], heat conduction proceeding in the biological tissue domain
should be described by using a hyperbolic equation (Cattaneo-Vernotte equation
[10, 11]) in order Lo take into account its nonhomogencous inner structure. [n the
paper, the method of solving the Cattaneo-Vernotte equation for a 2D problem is
proposed. It is the boundary element method using discretization in time adapted
for the numerical solution of the thermal wave equation. In successive chapters,
the boundary integral equation is derived, the numerical model is described and the
results of computations are shown.

1. Thermal wave equation

The thermal wave maodel of bioheat transter in living tissucs is the following
17, 8I:

TB"I'(.»:,I)+BT(.¥,I)

Y 5 =3V T ()} +Q(xt)+1

o0 (x. 1)

where ¢, A denote the volumetric specific heat and thermal conductivity of tissue,
respectively, @ (x, 1) is the volumetric heat due to metabolism and blood perfusion,
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T = o/ C* is the relaxation time, (¢ = k/c is the diflusion coeflicient, C is
the velocity of thermal wave), T is the tissuc temperature, x, ¢ denote the spatial co-
ordinates and time. Function Q (v, 1) is equal to

Q(x1)=G, c'B[TB—T(,r.,!)]+Qm, (2)

where Gy is the blood perfusion rate, ¢p is the volumetric specific heat of blood,
Ty is the artery temperature and Q,, 18 the metabolic heat source.

1t should be pointed out that for T = 0, equation (1) reduces to the well-known
Pennes bioheat equation.

Equation (1) is supplemented by boundary conditions

xel: T(xt)=T (x)
(3)
xeT,: g(xty=gq,(x)
and initial ones
. aT (.
P=0: T (x1)=1, ML)y, )
' at

0=

where ¢(x, ) is the boundary heat flux, 7,(x), g,(x) are the known boundary
temperature and boundary heat lux and 7, is known initial temperature
of biological tissue.

Taking into account formula (2), equation (1) can be written in the form

O°T (x.1) N T (x, 1)
- at

Tk aT {x.1)

5
¢ Tl ()

=uV- 'I’(.x,r}+£|:’[‘s _’[‘(Lt)]*.&_
C C

or

)T (x, 1 N AT ( x, . ok ,
rw+(1+i]m=aV*1‘(.r,z)+5[’1‘,,—2‘(.v,z)]+&(6)
ot- c ai ' ¢ ¢

where & = Ggeg.

2. Boundary element method using discretization in time

To solve equation (6), the BEM using discretization in time is applied [12, 13].
At first, the time grid with constant step At = ¢/ — /7" is introduced.

Using the Lagrange interpolation for points (r’“{ T‘i;l). ', T-""“')._
(. Ty, where 772 =T (e, ), T =T (v, t 7). T = T(x.+'), one obtains
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(t—tf’l)(t—tf)_

r{xy=1"" -
2(Ar)
g )] e )
(Ar) 2 (At)

On the basis ol (7), the time derivatives are calculated and then

a1 (1) e R
a | . 24¢
while
&' (x.1) T - 4T
ar’ = (A! )2 '

(N

(8)

9

Taking into account formulas (8), (9), the following approximation of equation

(6) is oblained

t'l'(.r,r” :)—2'1'(.x-,f’ e (xd )+
(Ar)
| rk]T(.\-,r" F)AT (! )3T ()
[ i 241

[

«V:r (.x, + )+ d ['I‘B -7 (.\‘, t )]+ Q.

« [
or
VT (w1 )= AT (v 0! J+ BT (v 0! )=CT (v ! 3)+}Q=0,
where
. ' , ) 2 ,
A=—" ,+3((.+d)+i, B=—"" 4 (i+rk)
a (A(}' 2XAL A a{Ar)y LAL
C= T +('+rk 0=k, +0,

a(Ar)y  2hArT

For cquation (11) the weighted residual eriterion is applied

(10

(11)
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M[ver{si)-ar(x

¥

!")+BT(.\-,1" ')—

(13)
+ %} T'(& x}dQ = 0

where € is the ohservation point and 7'(§,x) is the fundamental solution and
this function should fulfil the equation

VT (&x)—AT (& x)=-8(& x) (14)
where § (€, x) is the Dirac {unction

For a 2D problem and domain oriented in the Cartesian co-ordinate system it is
the following lunction

. 1

T (& x)==—K,[r/A]. (15)
T

where K () 18 the modificd Bessel (unction of the second kind ol zero order [12,

13], r is the distance between observation point £ = (§, £,) and point x = (x|, x3)

Applying the 2nd Green formula for the lirst component ol cquation (13), one

obtaing

[[vir(ee)yr (g xa@=[jvir (e xr(cejdos
33 ¢ (16
J[7 (ex)n VT (x" ) =T (x4 Yn-VT (& 5) |dr )

and then criterion (13) takes the form

j (VT (& x)- AT (

W

&x)]T (vt )d+

florior ertar 42 e

) vHdQ + (17)
[[T & ajn-VT (.r, ! )—'I' (.\', ! ] n-V7' (g .r)jldl" =0
v

Using property (14) of a (undamental solution, onc has
T (E,,z’”)+ % IT (& x)q (.r, o+ t)dl" = % [q (e o)T (x, /~"]dl“+
B T (18')

Jj[m‘(.v,:-f N-cr{x :)+2}7~= (& x)dQ
0 ‘ A
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where
([(I.,x‘j-+'l')Z—;Ll'l-VT(I,If), q:(.’f,.\')z—ln-VTﬁ({:",x) (19)

Function ¢~ (&, x) can be calculated analytically and then

g (& x)= hd A K, (iﬂ) (20)

2nr

where K; () is the modified Bessel function of the second kind of first order |12,
13], while

d=('xl_:‘;l)"l+(“:2_é2)"2 (21)

For £ € T, one obtains the {ollowing boundary integral cquation

B(e;)r("g,r-")+)ljT“(g,.v)cI(.v,;’ +1}dl =

(22)
%]}:03 (& x)T(x 7 )dl"+_g[3'l'(.x,l’ ')—C'l'(.t‘,!" 3)+%}’1"“ (& x)dQ

where B (E) € (0, 1). The value ol cocflicicnt B (&) results [rom the position
of houndary point & considered, for cxample for the smooth fragment
of boundary B (£) = 0.5. Equation (22) constitutes a basis for numerical algorithm
construction.

3. Numerical realization
To solve cquation (22), boundary I' is divided into N boundary clements and in-

terior € is divided into L internal cells. Hence, the approximate form
of cquation (22) is the (ollowing:

AT Ve LS [T (E Vol ir =
B(c)?(f;,l )+K,,z—:l.jl (c,,m)q(,m,t +r)dl".,

/lz g’ (& x)T{xe")dl, + 23)
IZ[[[BT(xf*")—CT(.\:"3)+9]T (g, x)dey
=110 Y

For constant boundary elements and constant internal cells [12, 13] one has
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',,x)dl"’. + (24)

> -
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-
-
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-
-
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L_‘
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A

o - o g ey
BT (&0 )-CT (X1 )+X]”T (&, x)do,

Q,

M=

[q° (. x)ar, (25)
r.

Ro={[T (¢ x)aq, (26)

53

and then cquation (24) takes the form

1 X X N . 3 . .
57:’ +Z,]G;/‘If = lHi.i T+ Z_ZPN[BT;/ '-cT/ _+%) (27)

i= 1=l

or
N N L . . Q
ZGiiqf =ZH,.,.T,’+ZI'7,(B'I;’ I_C7;1_+TJ : (28)
=1 =t =1 A
where
I-Ali_,. I
H,=1 . 1 .. (29)
.Hu T L=
Equations (28) written {or all boundary nodes 7 = 1. 2. ..., N create the system ol N
algebraic equations which can be written in the matrix form
. A { . C a0 .
Gq' =H'T' +P| BT -CT' " +— (30)
\ s

This system of equations allows one to determine the ‘missing’ boundary tempera-
tures and boundary heat {Tuxes.

Next, the temperatures at the internal nodes é‘ eQi=N+1,N¥+2,....N+L
arc calculaled using the formula
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