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Abstract. [n the present work. the construction of fractals based on Archimedean solids was
discussed. The methods of 3D fractals construction based on uniform polyhedra were pre-
sented. It was shown that the contraction mapping procedure for the construction of fractals
with hon-overlapping or -disjointed contractions could be applied only for a limited aumber
of the polvhedra. The contraction ratios and the Hausdorff dimensions were determined for
the existing fractals with adjacent contractions based on Archimedean solids.

Introduction

The development of fractal geometry created new ways of solving topical sci-
cntific problems Irom quantum physics [1] through structural diagnostics [2] to
biology and genetics |3]. They found applications in problems related to the me-
chanics of porous media or in modeling the rheology of materials. However, the
most infensive development of the application ol [ractals was noticed in the prob-
lems of computer graphics, pattern recognition, image compression and coding [4].
Deterministic fractals are used in testing ray-tracing algorithms during the render-
ing of spatial scenes [3].

As is well known, the construction of fractals is based on the self-similarity of
the input object. Two general approaches are used in the construction process:
random and deterministic ones. The random approach usually uses the well-known
Barnsley's Chaos Game or its combination with the [terated Function System
(IFS), e.p. Chaos Game for [FS connected in the net [6]. The deterministic
approach is based usually on the Multiple Reduction Copy Machine (MRCM) or
on the [FS. Some of the simplest and carlier deterministic fractals are the Sier-
pinski triangle and Sicrpinski carpel. The generalization of Sierpiniski [ractals
based on N-sided palygons was presented in [7]. The Sierpiniski triangle and carpet
were generalized 1o the three-dimensional space and known as the Sierpinski tetra-
hedron and Menger sponge. Only these two 3D fractals are well-known and pre-
sented in many literature positions, e.g. [6, 8]. In [9] the authors determined the
contraction ratios and Hausdorif dimensions for fractals based on Platonic solids,
howcever, they did not give any rules for the construction of such fractals.
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1. General considerations

Because of the regularity ol Platonic salids, fractals based on them could be
constructed as well. lHowever, there is a group ol uniform or even semi-regular
polyhedra which cannot be used construct non-overlapped or - disjointed fractals.
It could be presented during the construction of [ractals based on Archimedean
solids. Further they will be called Archimedean fractals, which could be defined as
follows.

Definition. Lct A] he an Archimedean solid with the set of vectors v, which

: . . N . . 3
represents the vertices with coordinates v, ,, a=1,2,3, in the Euclidean space R,

where S denotes the Schlialli symbol of the given polyhedron and the number in
the subscript of A denotes the number of contraction mapping iterations. Then the
fractal hased on the given Archimedean solid could be defined as attractor AY of

the IFS, which is the sct of

AL =] w,-(/\(f), (N
=l
where the contraction process ol A, to A, was realized with use ol the
Hutchinson operator:

Y
WAl J= Yo A7) 2)
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Here yw;(e) is an clementary similarity transformation and N denotes the number
of contractions in a given subset, thus

Y, (v, )= Lo (1—;-(5))’
"
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where #(S ) is the unique contraction factor for polyhedron § which ensures
that the contractions of w

i

are non-overlapped or disjointed. That is,
w{Ad )r‘\ w; (Af) =@ for i # j. Finally, using (2) the attractor of A; could be ob-
tained in the form:

2 =YW (a). )

i=l

while H-’“(A{f): A> . 1t implies the following: A} :A!im Al
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Fractals are characterized by a fractional dimension in general (except some
Iractals like the Sierpifiski tetrahedron or Hilbert cube). There are many formula-
tions of fractal measures including box dimension, capacity dimension, topological
dimension, Lebesgue dimension, Minkowski dimension etc. |6, 8|, which often are
incorrectly used as synonyms or gencralized as a [ractal dimension. The most
eeneral formulation of the fractal dimension was presented by Hausdorff |10],
which is a power law such as:

(5)

In the case of most 3D fractals, 22 D =3 (with some cxceptions, ¢.g. Cantor dust
with D = 1.89).

The aim of this work is 1o determine the method ol construction of [ractals
based on convex uniform polyhedra, which is possible by the analysis of Archime-
dean solids, and determine the contraction ratios and Hausdorff dimensions for the
fractals defined above.

2. Construction of Archimedean fractals

Let us consider Archimedean solid A, with vertices ¥, € R inscribed in
sphere Pe RY of unit radius R with the central point of ¢=[0,0,0]. Applying
contraction mapping procedure (2), one obtains i contractions scaled 1/r times,
where once of the vertices ol the given contraction coincides with one of the verti-
ces of A .

Consider the (ist cxample - onc ol the simplest Archimedean solids - the trun-
cated tetrahedron, A(',[S'SI, which contains 4 triangular and 4 hexagonal faces. The
truncation was realized from the tetrahedron, thus a similar principle as for the
Sierpinski tetrahedron could be used. To determine the contraction ratio for A,’,_P"‘I,

only the hexagonal face could be considered: r will be the same as for the Sier-
pinski hexagon. It could be calculated rom the formula (cf. [7]):

tan z int m—_l
m 4

r . (m-1
tan  + nt
mom 4

(6)

t | —
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where #m is the number of vertices of a regular polygon, #m > 5. Having the con-
traction ratio and coordinates of the vertices of the polyhedron [11], it is possible
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Similarly, the great rhombicuboctahedron ',"""'I I, the snub hexahedron

A and the snub dodecahedron A5 do not fulfill the Definition cither and

A:"""P'}], A3 A3 re not Archimedean (ractals.

Conclusions

Archimedean (ractals were introduced and the methods of their construction
were proposed. ‘The contraction ratios and Hausdorff dimensions were determined
lor existing Archimedean Iractals. [t was proven that not cvery Archimedean solid
is able to construct a fractal with adjacent contractions. The presented methods of
the fractal construction and the theorem could be extended to other uniform poly-
hedra.
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