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Abstract. In the paper we present the method of calculating the matrix block determinant
which characterizes internal heat conduction in the (x.y.¢} case.

Introduction

The paper relers 1o the Finite Difference Method (FDM) in the heat conduction
Fourier equation in the two-dimensional case (cl. [1]) and also to work [2], which
considered the (x.f) case. We consider only the internal heat conduction in FDM.

1. Mathematics preliminary
Let £ be a polynomial of degree &
J)= = A D ek D = (=) (x= ) (D)

where py.....p, are zeros of palynomial f. Let A be a square matrix of degree »

with eigenvalues 4.....4,. The following method allows us to calculate the matrix
determinant

FlAY=A"—nA" '+ 4D T A+ D I =(A-pd) - (A=pd) ()
as a sum of powers of the (undamental symmetric polynomials:

Tl(//ll‘l‘“a)b")=ﬂl + /12 + ...+ /’{,“

T_?(/ll,...,ﬂu)zlll/t_\ +/1_‘/1z+'+/1n 1% (’s)

T (A d )= Ads o A,
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and
W{pp)=p +p.+..tp
O ( Py P Y= PP+ PAPs + ot DD, @)
W (PP )=pp
with integer coefficients.
Indeed. let
wo(A)=det(A-AL)=(-1)"(A-4) ..-(A-4,) (5)
be the characteristic polynomial of matrix A . Then
det f(A)=det(A—1Ip,)-..-det(A—Ip, )=w,(p) .- w.(p) ©)

=P A) e (2= A0 P = A (0= ) (P = A (2= A)
We can assume that p, #4 for j=1,...k . Continuing this, we have

det f(AY=(=1)" p/ - p o,
Ay (A /11) [ /’».] ( Aq] [ A
1- | 1= A= O B e O D e O I e
[ /’1] L /’n] L P P2 L P pa)l

SR [ ST @

[ A Y A A

b J’u ﬂ'n ) AA/:
cral A A4 4)

I 7 P AN ) 7

where
i 4

\(i hA AA i\J=LL,+ L. +L] (AT +A4 +..+ 4"} ®
2 f)l I’~ /’: P i Iy /’: i

i=2,..kn—1, are successive symmetric polynomials which depend on the set of
variables indicated in parentheses. Of course

(A AA AL AL D)t
” 1’1 I)« Py P P P Py o, ©)

ALAA AA ALKk s

Din e T 8T aeees

P Py P P- I)A‘ ,Pk
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Moreover, at most # -ths power of zeros, py..... 2, appear in the denominators of
these Iractions. It [ollows from Newton's formulas (cl. [3], [4]) that cvery sum s,
1s the determinant

o, 1 0 O 0

o, o 2 0 0

1|0 o, o 3 .. 0
Sl:ﬁ :3 :2 '.l . : (10)

o, O, o, o I[-]

O-l Gl—l 63 0-2 61

where

/'Lll /f{l ﬂll ll ﬂll ﬂ,l

=ttt Sttt (11)
p1 p1 p2 p2 pk pk
1 1 1
:(—l+—l+...+—l)(ﬂf + 4, +..A))
1 2 k

Using Newton's formulas again, cl. [3], both for casc {<n as well as in casc

. | 1 - .
{>n, we express lactor —+...+— by the power ol {undamental symmetric
I I

polynomials @;, and (actor Al +..+ 4, by the power ol (undamental symmetric
polynomials 7, . Moreover, in each component s,. ! >#n , terms with powers (o}F in

the denominators arc reduced. After multiplying by @ =p - p."-...- p,", the
procedure ends.

2. Fourier equation in {x, y,t) case

We consider equation

_ 'AT(,\'?'\:J} (12)
Ayz =P Ar -

AT (x, w1} . AT (x,v.1)

Ax”

A

where T=T{x,v.7) - temperature function, {x,¥) - point of two-dimensional
plate, r - time, A4 - heat conductivity of the plate. p - density of the plate,
¢ - specific heat.
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As usual, we assume that
AET Y;uﬂ - 2];,1 +’l;' Lt g .
— = for 1<i<m—1

2

Av Ax”
r T, 2T, +T.
A { — il ui i 1 fOl’ lSjSH—] (13)
Av” Av”
AT _ Ly =Ty

for 1</<g
At Ar

The FDM leads 1o the system of cquations

2 A 24
L‘E-l P _%Tﬂ + i)?:u,! + i.»n-u - —A\T,,: + ivt;iw
Avc T AYY T AYT Ay " Ay Ay© )
~ ~ (14)
= &T;’ - &Tﬂ-l
Ar AT
at each time step 7.
The matrix of this system has the three-band block form
(A D 0 0 ... 0]
D A D 0 ... 0
0O b A D ... 0
p=. . . . . (15)
0 ¢ .. D A D
00 ... 0 D A
for
g - /1, 0 0 0
Ax”
A s LA 0
Axt Ax®
A . A
A= 0 A 0 A 0 {(16)
o 0 A s A
AxT Ax
0 0 0 - Xﬂ
- A"‘:- A Am
where ()':2—/1A+2—Aﬂ+ﬁ (compare [5]). owever
Av Ay A/
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LR
Av©
0 _A T
Ay’
0 0
D=
0 0
0 0

0 0

0 0

- A;I'B 0
0

0

0
0
0
_ A . 0
Ay®
0 —i,
Ay~

=]
A <

wxan

(17)

v\.‘

According to the method given in Section 1, the determinant ol matrix £, alter

. A
removing factor | ———
" A.\»’- J

P=

where

A=

, 24y Ay
§=— .\‘ 5 Py
Ax” AAL

Ay2
Ax2

5/

Ay2
Ax2

=
-y

0 ... 0]

0 ... 0

I ... 0

I A 1
(’ I A'_IIXII
0 .0
0

Ay2

Ax? 0
Ay2 , Ay2
Ax? J Ax?
Ay2 ,
0 = ¢

, as follows (cf. |5])

ik ter

i
\\ ., we count by the determinant of the matrix

(18)

(19
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, W (n=1Y L (n=2Y o,
det P’ =det A”—L A JA" —|=detf(A) U
/
where
-1 -2
flx)=x"- nl P n2 o Q@

Consequently, the determinant of the three-band block matrix P is expressed
by the power of the coefficients of polynomial f and power sums of the principal
minors of matrix A”.
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