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Abstract. This paper présents a new approach to comparing intuitionistic fuzzy values. 
Score and accuracy functions are used to build the “net profit” and “risk” local criteria, 
which are aggregated in a generalized criterion taking into account the weights of the con- 
sidered local criteria depending on the risk aversion of a decision maker. As opposed to 
known methods, the new approach makes it possible to estimate the strength of the relations 
between real-valued intuitionistic fuzzy values. Using some numerical examples, it is 
shown that the proposed approach pro vides intuitively elear results.

Introduction

The intuitionistic fuzzy set proposed by Atanassov [1], abbreviated here as 
A-IFS (the reasons for this are presented in [2]), is one of the possible generali- 
zations of fuzzy sets theory and appears to be relevant and useful in some applica
tions. The concept of the A-IFS is based on the simultaneous considération of 
membership /z and non-membership V of an element of a set to the set itself [1]. 
By définition 0 < /z + v < 1, notation < /z. ť > is usually used for the présentation of 
intuitionistic fuzzy values.

An important characteristic of the A — IFS is the so-called hésitation degree (or 
degree of uncertainty) which is defined as follows: n = \ — [d — v. Therefore 
Æ + /Z + V =1.

It is elear that if Æ = 0 then the A-IFS is reduced to ordinary fuzzy set

A similar approach, the so-called vague sets, proposed by Gau and Buehrer in
[3] is proved to be équivalent to the A-IFS in a formal mathematical sense (see
[4] ). Since vague sets were proposed later than the A-IFS, in the current paper, 
we shall always write about A-IFS.

There are many papers devoted to the theoretical problems of the A-IFS in 
scientific literatuře (see [5] for an overview).

The most important applications of the A — IFS are the decision making prob
lem [6-12] and group decision making problem [13-20], when the values of the
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local criteria (attributes) of alternatives and/or their weights are intuitionistic fuzzy 
values ( IFV). It seems quite natural that if the local criteria used in the formulation 
of a decision making problem are IFVs, then the resulting alternative évaluation 
should be an IFV as well. Therefore, there are many methods for aggregating local 
criteria in theA-ZFS setting proposed in the literatuře (see, e.g., [21-23]), which 
provide final scores in the form of IFVs. The most recent and comprehensive re
view of such methods is presented in [24].

If the final scores of alternatives are presented by IFVs, the problem of compa- 
ring of such values arises. Bustince and Burillo [25] analyzed the general 
properties of intuitionistic fuzzy relations and showed that the définition of these 
properties does not always coincide with the définition of the properties of fuzzy 
relations. Therefore, spécifie methods were developed to compare IFVs. For this 
purpose, Chen and Tan [6] proposed to use the so-called score function 
S(x) = nfx)-v(x), where X is an IFV. Let a and b be IFVs. It is intuitively 
assumed that if S(a) > S(b), then a should be greater (better) than b, but if 
S(a) = S (b) this does not always mean that a is equal to b. Therefore, Hong and 
Choi [7] in addition to the above score function introduced the so-called accuracy 
function, H(x) = //(x) + V(x), and showed that the relation between functions S 
and H is similar to the relation between mean and variance in statistics. Xu [26] 
used functions S and H to construct order relations between any pair of intuition
istic fuzzy values as foliows:

If(S(a) > S(b)), then b is s maller than a\
lf(S(a) = S(b)), then
(1) If (H (a) = H (b)), then a = b; (1)
(2) If (H (a) < H(bf), then a is smaller than b.

Based on these relations, Xu [26] introduced the concepts of an intuitionistic 
preference relation, consistent intuitionistic preference relation, incomplète intui
tionistic preference relation and acceptable intuitionistic preference relation. The 
method for IFVs comparison based on functions S and H seems to be intuitive
ly obvious and this is its undeniable merit. On the other hand, as two different 
functions S and H are needed to compare IFVs , this method generally does not 
provide an appropriate technique for the estimation of an extent to which an IFV is 
greater/lesser than another one, whereas such information is usually important for 
a decision maker. This problem was discussed in [7, 11], where the heuristic 
methods for aggregating functions 5 and H were developed.

Therefore, in this paper, we propose a new two-criteria approach based on the 
real-valued score and accuracy functions which is free of the above-mentioned 
limitations of known methods for IFVs comparison.
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For these reasons, the rest of the paper is set out as follows. In the first Section, 
we analýze the limitations of known approaches to IFVs comparison based on 
method (1) and propose a new two-criteria method for comparing IFVs , which is 
free of these limitations. Illustrative numerical examples are presented as well. 
Finally, the concluding section summarizes the paper.

1. Two-criteria method for comparing intuitionistic fuzzy values

Let us start by analyzing the limitations of the known methods for IFVs com
parison based on reasoning (1).

Let A = (/ja,\'a}, B = be IFVs . Then the score and accuracy iuno

tions for A and B are calculated as follows: SA= p.A—VA, Ha=/lia+va, 

S b = Bb~vb ■> H B = Bb+vb-
A score function is usually treated as a “net membership”. Therefore if A is 

a local criterion in a decision making problem, then SA may be treated as the “net 
profit” provided by A.

Accuracy function HA= fj.A+ v, may be presented in its équivalent form 
Ha = 1-ka, where iïA is the hésitation degree or degree of uncertainty. Hence 7Ta 
may be treated as the degree of risk associated with “net profit” SA . Therefore the 
following thinking may be justified: the smaller HA is, the greater hésitation nA 
is and, as a conséquence, the smaller A is. There are three important limitations of 
method (1):
1) This method generally does not provide a technique for the estimation of a de

gree to which an IFV is greater/lesser than another one, whereas such infor
mation is usually important for a decision maker.

2) The lack of continuity in the comparison of IFVs by this method.
Let us consider the following critical example. For two IFVs , A = ^0.5,0.3) 

and B = (0.4,0.2), we obtain: S. = 0.2, SR = 0.2, H. = 0.8, Hn = 0.6. Since S. = 

= SB and Ha > HB, using (1) we get A > B.
Let us introduce a slight modification of B in this example: tí = ^0.4,0.199^ . 

Then we obtain: =0.2, Sg =0.2001. Since SA <S/!-, taking into account (1), 
we are forced to conclude that A< B', although the différence Sg —SA= 0.0001 
which can serve as an argument in favor of A < B' is negligible in comparison to 
the différence HA — Hg = 0.2001, which is the evidence for A > B'. Obviously, in 
the last case, it should be acknowledged that A > B' if the accuracy function is not 
completely negligible in local criterion for the comparison of IFVs . In our opin
ion, the shown problems with method (1) are caused by the fact that when compar-
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ing IFVs, we deal with two local criteria: the “net profit”' represented by score 
function S and the “risk” criterion represented by accuracy function H. From this 
point of view, we can see that in method (1), the “risk” criterion is implicitly as- 
sumed to be of negligible importance, whereas the weight of this criterion dépends 
on the risk aversion of the decision maker.
3) In method (1), the implicitly introduced local “net profit”' and “risk” criteria are 

not taken into account simultaneously.
Therefore, to avoid the above mentioned limitations of known methods, we 

propose to formulate the problem of IFVs comparison directly as a two-criteria 
task. In the new method, possibilities P(A > B) and P(A < B) are calculated to 
indicate when the IFV is greater and to obtain the strength of inequality.

For two IFVs A and B, we dénoté AS = SA — SB and AH = HA—HB and in- 
troduce two functions, //as(AS) and representingthe local “net profit”
and “risk” criteria respectively.

These functions

. AS + 2 âtt\ AH + 2
Pas (^) = “ ’ Bah (AH) = - (2)

Fig. 1. Local criteria

Functions //as(AS) and //ah(A//) can be naturally treated as the local criteria 
and should be aggregated (taking into account their weights) to obtain the final 
évaluation of the possibility that an IFV is greater/lesser than another one.

There are many approaches to the aggregation of local criteria proposed in the 
literatuře. Generally, the choice of an appropriate method for aggregation is a con- 
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text dependent problem. Since in our case we assume that a small value of local 
criterion based on AS = SA—SB may be partially compensated by a large value of 
criterion based on AH = HA — HB, the weighted sum seems to be the most suita- 
ble aggregating mode.

Then possibilities P(A > B) and P(A < B) can be presented as aggregations of 
the introduced local criteria:

P(A > B) = (ZU-as. (SA — S B) + (1— (Ha

P(B>A') = apAS(SB-SA) + (Y-a)BAH(HB-HA) (3)

where 0 < a < 1 is the weight, which dépends on the risk aversion of the decision 
maker.

Functions (2) and possibilities (3) are constructed in such a way that if 
P{A > B)> P(B > A), then A > B and

ST (A >B) = P(A >B)~ P(B > A) (4)

is the strength of this inequality.
It is easy to see that in the case of equality (SA = SB, HA = HB) from (3), we get 

P(A > B) = P(B < A) = 0.5. We shall expose the features of the proposed method 
using the examples presented below. To make the obtained results comparable (at 
least on the qualitative level) to those obtained using method (1), in ail examples 
we shall use <7=0.98, i.e., we suppose that the “net profit” criterion is much more 
important that the “risk” criterion. It is easy to see that method (1) is implicitly 
based on this assumption.

Example 1. Consider the above critical example. Let A=(0.5,0.3) and 

B = (0.4,0.2). Then from (3) and (4) we get P(A > B) = 0.501, P(B > A) = 0.499 
and ST(A> B) = 0.002. Therefore, A> B with a strength equal to 0.002. After 
a slight modification of B in this example: B' = (0.4,0.199^, we get P(A> B') = 

= 0.506775, P(5'>A) = 0.499024 and ST(A>B') = 0.00775. Therefore, in this 
case we hâve A> B' with a small strength equal to 0.00775. As noted above, this 
is a more justified resuit than the one obtained using (1), i.e., A < B'.

Example 2. Consider A = (0.4,0.1) and 5 = (0.3,0.6). Then from (1) we get 
A> B. Using our approach we obtain P(A>B) = 0.645, P(B>A)= 0.355 and 
ST (A > B) = 0.29. Therefore, A > B with a strength equal to 0.29.

In this example, the great strength is caused by the great différence between SA 
and SB.

Using the following two examples, we show that the proposed approach to 
IFVs comparison is transitive on the quantitative level.
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Example 3. For A = (0.5,0.3) and B = (0.4,0.2) from (1), we get A> B and 
using our approach, we obtain the same resuit with SUA > B) = 0.02.

For A = ^0.5,0.3) and B'= (0.4,0.15) from (1), we get B'> A and using our 
approach, we obtain P(A> B')= 0.489, P(B'> A) =0.511 and ST(B'> A) = 0.022.

For A = (0.5,0.3) and B” = (0.4,0.1) from (1), we get B" > A and using our 
approach, we obtain P(A>B")= 0.477, P(B" > A) = 0.523 and ST(B" > A) = 
= 0.046.

For B' = <0.4,0.15) and B" = (0.4,0.1) from (1), we get B" > B' and using our 

approach, we obtain P(B'> B") = 0.488, P(B">B') = 0.512 and ST(B">B') = 
= 0.024.

If our approach to IFVs comparison is transitive, then the strength of B" > B' 
should be close to the différence of ST(B"> A)-ST (B' > A) = 0.24. Since we hâve 
obtained ST(B" > B') = 0.024, we can say that the proposed method is a transitive 
one.

Example 4. Consider A = (0.6,0.4), P = (0.4,0.1) and C = (0.3,0.2). Then 
from (1) we get B > A > C and using our approach we obtain

P(B > A) = 0.522, P(A > B) = 0.478 and ST(B > A) = 0.044,

P(A > C) = 0.527, P(C > A) = 0.473 and ST (A > C) = 0.054,

P(B > C) = 0.549, P(C > B) = 0.451 and ST (B > C)= 0.098.

Since ST(B> A) = 0.044 and ST(A> C)= 0.054 we can expect that the 
strength of B>C should be close to ST(B > A) + ST(A > C) = 0.098. As in the 
considered case we hâve obtained ST(B>C)= 0.098, we can conclude that our 
approach to the IFVs comparison is practically transitive on the quantitative level.

Summarizing we can say that the proposed approach to IFVs comparison is 
free of limitations of known method (1) and provides transitive quantitative as- 
sessments of a degree to which an IFV is greater/lesser than another one.

Conclusion

The two-criteria approach to comparing real-valued intuitionistic fuzzy values is 
developed. The first local criterion termed “net profit” is based on the real-valued 
score function in the case of real-valued intuitionistic fuzzy values. The second 
local criterion called “risk” is based on the real-valued accuracy function. These 
local criteria are aggregated into a generalized one taking into account the weights 
of the considered local criteria dependent on the risk aversion of the decision mak- 
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er. As opposed to the known methods, the developed approach makes it possible to 
estimate the strength of the relations between the compared intuitionistic fuzzy 
values. The proposed approach to IFVs comparison is free of limitations of the 
known method and provides transitive quantitative assessments of a degree to 
which an IFV is greater/lesser than another one.

With the use of some illustrative examples, it is shown that the proposed ap
proach provides intuitively elear results.

References

fl] Atanassov K.T., Intuitionistic fuzzy sets, Fuzzy Sets and Systems 1986, 20, 87-96.
121 Dubois D., Gottwald S., Hajek P., Kacprzyk J., Prade H., Terminological difficulties in fuzzy set 

theory - The case of “Intuitionistic Fuzzy Sets”, Fuzzy Sets and Systems 2005, 156, 485-491.
13] Gau W.L., Buehrer D.J., Vague sets, IEEE Trans. Systems Man Cybernet 1993, 23, 610-614.
|4| Bustince H., Burillo P., Vague sets are intuitionistic fuzzy sets, Fuzzy Sets and Systems 1996, 

79, 403-405.
|5| Nikolova M., Nikolov M., Cornelis C., Deschrijver G., Survey of the research on intuitionistic 

fuzzy sets, Advanced Studies in Contemporary Mathematics 2002, 4, 127-157.
f6] Chen S.M., Tan J.M., Handling multicriteria fuzzy decision-making problems based on vague 

set theory, Fuzzy Sets and Systems 1994, 67, 163-172.
f7] Hong D.H., Choi C.-H., Multicriteria fuzzy decision-making problems based on vague set theo

ry, Fuzzy Sets and Systems 2000, 114, 103-113.
f8] Li D-F., Multiattribute decision making models and methods using intuitionistic fuzzy sets, 

Journal of Computer and System Sciences 2005, 70, 73-85.
19] Li F., Lu A., Cai L., Methods of multi-criteria fuzzy decision making based on vague sets, Jour

nal of Huazhong University of Science and Technology 2001, 29, 1-3 (in Chinese).
(10] Li F., Rao Y., Weighted methods of multi-criteria fuzzy decision making based on vague sets, 

Computer Science 2001, 28, 60-65 (in Chinese).
(11] Lin L., Yuan X-H., Xia Z-Q, Multicriteria fuzzy decision-making methods based on intuition

istic fuzzy sets, Journal of Computer and System Sciences 2007, 73, 84-88.
(12] Liu H.-W., Wang G.-J., Multi-criteria decision-making methods based on intuitionistic fuzzy 

sets, European Journal of Operational Research 2007, 179, 220-233.
(13] Atanassov K., Pasi G., Yager R., Intuitionistic fuzzy interprétations of multi-person multicriteria 

decision making, Proc, of 2002 First International IEEE Symposium Intelligent Systems 2002, 1, 
115-119.

(14] Atanassov K., Pasi G., Yager R., Atanassova V., Intuitionistic fuzzy group interprétations of 
multi-person multi-criteria decision making, Proc, of the Third Conference of the European So
ciety for Fuzzy Logic and Technology EUSFLAT 2003, Zittau, 10-12 September 2003, 177-182.

(15] Pasi G., Atanassov K., Melo Pinto P., Yager R., Atanassova V., Multi-person multi-criteria 
decision making: Intuitionistic fuzzy approach and generalized net model, Proc, of the lOth ISPE 
International Conference on Concurrent Engineering “Advanced Design, Production and Man
agement Systems”, 26-30 July 2003, Madeira 2003, 1073-1078.

(16] Pasi G., Yager Y., Atanassov K., Intuitionistic fuzzy graph interprétations of multi-person multi
criteria decision making: Generalized net approach, Proceedings of 2004 Second International 
IEEE Conference Intelligent Systems 2004, 434-439.

(17] Szmidt E., Kacprzyk J., Intuitionistic fuzzy sets in decision making, Notes IFS 1996, 2, (1), 15- 
-32.



64 L. Dýmová, P. Sevastjanov, A. Tikhonenko

[18] Szmidt E., Kacprzyk J., Remarks on some applications on intuitionistic fuzzy sets in decision 
making, Notes IFS 1996, 2, (2), 22-31.

[19] Szmidt E., Kacprzyk J., Group decision making under intuitionistic fuzzy preference relations, 
Proceedings of Seventh International Conference (IMPU’98), Paris 1998, 172-178.

[20] Szmidt E., Kacprzyk J., Applications of intuitionistic fuzzy sets in decision making, Proc. Eighth 
Cong. EUSFLAT’98, Pampelona 1998, 150-158.

[21] Xu Z., Intuitionistic fuzzy aggregation operators, IEEE Transactions on Fuzzy Systems 2007, 
15, 1179-1187.

[22] Xu Z., Yager R.R., Some geometrie aggregation operators based on intuitionistic fuzzy sets, 
International Journal of General Systems 2006, 35, 417-433.

[23] Xu Z., Yager R.R., Dynamie intuitionistic fuzzy multi-attribute decision making, International 
Journal of Approximate Reasoning 2008, 48, 246-262.

[24] Xu Z., Xia M., Induced generalized intuitionistic fuzzy operations, Knowledge-Based Systems 
2011,24, 197-209.

[25] Bustince H., Burillo P., Structures on intuitionistic fuzzy relations, Fuzzy Sets and Systems 
1996, 78, 293-303.

[26] Xu Z., Intuitionistic preference relations and their application in group decision making, Infor
mation Sciences 2007, 177, 2363-2379.


