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Abstract. This article describes the system of difference-ditferential equations for the ex-
pected income in HM-network systems with priority requests and the method of its solution
by means of difference schemes. Examples of finding the expected income for networks
with different number of states are presented.

Introduction

Queueing networks with income or HM (Howard-Matalytski)-networks were
introduced in |1, 2|. A survey of the results on Markov HM-networks are given in
[3]. Such networks with different characteristics are currently under study. In this
paper we study a Markov [IM-network with priority requests in the case where the
intensity of their service is time-dependent.

Consider a closed network in which K requests of the first type and K, requests
of the second type circulate, and requests cannot change their type. The matrix of
transition probabilitics between the systems network requests, || py, [|axg 19 irredue-
ible. System §, contains ,n, parallel lines of service, the service time requests of
each type in every line of the system has an exponential distribution, ;=1 7. The
probability of service requests type ¢ in the lines of S§; during time interval
[£.1+Ar] s g (HA+0(Ar), where g, (f) - the intensity of service requests such
as ¢ in cvery line system S at time 4. j=1.n. ¢=L12. Functions g (1) will be
considered restricted for cach time interval, j=15, ¢=1,2.

The same Lype of request in the queuce of a queuing system (QS) is sclected for
service in random order, for example, FIFO. Requests of the first type have abso-
lute priority over the requests of the second type. In this case it means the fufill-
ment of two conditions: a) if at the time of the release of a QS line after the service
requests in its queue has priority requests, then any of them can occupies the vacant
linc, and b) il in the service system, all lines which are busy, but not only the prior-
ity of applications received priority application, it replaces the low-priority request
from one of the lines and starts to service this line, the request is extruded into the
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consideration all the QS. When the request goes to the repressed scrvice again, it is
served over the remaining service time. Since the service time is cxponentially
distributed, we can assume that the displacement re-application will be maintained,
1.e. we have so-called non-identical service.

Network  states in  this  case given by vector k()= (k.0)=

= (k) K iky Ry ttk K551, where k- the number of requests of type ¢ in QS

n n
Y k=K D k. =K,

i=l il

Let /., - the vector of dimension 21 with zero components, behind an exeep-
tion component with number 2/ — [, which is equal to 1, { - the vector of dime-
sion 2n with zero components, behind an exception component with number 24,
which is equal to 1, /,, - the vector of dimension 2n with zero components

ktdy =1 =k ks ky F Lk & =Lk 0&,0k,,)

(1
k41, -1 =0k, kaiei ka1 chl, kj_, =Lk, k) )
The system of equations for state probabilitics P(k.t) has the form:
1Pk, =
#z_zlzuil({)6il(kil)+ﬂil(1)£il(kil’kiz)lpijp(k’!)*'

(i ini=

/:iljl
+ 3 B kPR + T, 1.0+ py (e OPRH Ty~ 1 5.0)] (2)

i
where:
)81)'(](91) = (08 (ky k(K _kjl)pij

Vikat) = pio (08,5 (kK dulh, Ju (K, — ko) py 3

&tk y=minlk; . m;}. i= Ln

kiyy ky k<,

sk, k) =qm —ky ky<m k) +k,2m. i=1Ln, (4)

0.k, =m,.

It is displayed in the same way as in the case when the intensity of service requests
in the lines of systems does not depend on time [4].
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1. Case when incomes of transitions between states depends

on states and time

Let us designate through v.(%,f) - the full expected income which is received
by system S, at time 7. il during the initial moment of time the network is in state
k; r(k,1) - the income of system S, in unit of time, when the network is in state
(k,t); r'(k+1,—1I,.1) - the income of system S, (the expense or loss ol system
S_f- ). when the network changes state from (k,7) 1o (k+!,.l —I'“,1+At) during
time Ar. #'*'(k+15, —1;5.1) - the income of system S, (the expense or loss of
system § ;). when the network changes state from (£.7) to (k +1{5 —1‘,.3,{+Az]
during time Ay, j=L_n, J#IL

During time interval A/, the network may either be in state (k.7) or change
its state 10 (k47 — 10+ AD, k=1, +1 0+ A), (k1,15 0+A1) or
(k—1.+1,,.04Ar). Il during Ar the network passes 1o state (K +1,) =11+ A
with probability ,B_ﬁ(k +1,-1,.n0= /u_il(t)sjl(kjl)u(kjl)u([(l —k“)pﬂAt + a(At),

e i

the income of system S, is equal to r'"'(k+1, —1,,1) plus the expected income
vilk+1,—1,.0 of the network over the remaining time under the assumption that
the initial the network state was (k+1, -1 j=l,7. If during A¢ the network
passes 1o state (k+7,—1,.r+Ar) with probability . (k+{,-1,.0)=
= 4 (NE (kK k(K — k) p A +o(Ar), the income it is equal to
rNk T, - f,5,1)  plus the expected income of the network over the remaining
time¢ under the assumption that the initial network state was (k+17, — 7).
J#i.If during Ar the network passes to state (k—1, +1.0+ A with probabil-
ity Bytk—1,+1,,0= g,k )i(K, —k;)p, At +o(Ar), the income
of system §; is cqual o r"k-1 +1,.1) plus the expected income
vi(k—1,+1,,1) over the remaining time under the assumption that the
initial network state was (k-7 +17 ). j=],7. It during At the network
passes 1o state  (k—1,+7,.1+Ar) with probability y,(k—7,+1..1)=
= M (NES kK itk (K, =k 2 ) p Ar+o(Ar) the income cquals
k=1, I;2.1)  plus the expected income over the remaining time under the

assumption that the initial network state was (k=1 +1,,). J#i. Similarly, il the
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network remains in state (k.f+ Ar) with probability 1- i[(,uﬂ (!)8_” (k),l )+
e
+ U (€ 5k ks NPy + (G (D8, (K )+ 15 (D€ (ki K D py |AT+ ol A the
income ol system §, is equal to 7 (k.)Ar+v (k1)
Then, using the total probability formula for conditional cxpectation, we can ob-
tain a system of dillference-differential equations (DDE):
d‘i;#=— (jzllﬂﬂ(’)fﬂ(kﬂ) +ﬂjg(!)«"‘J_ﬂ,(k‘,’|>k}3)[-",’i +

J#f

(08, (ky )+ 1, (085 (K ki, D py v (kO +

+ D D gtk DK =k p | Pk Ly = Lo+ + 1 =1 01+

-l
Jei

Y (O 5 Uy ke Ky =k ) p [ (R Ly =1 ) vtk + 1, — 1 0]+

1=l
s

+ z pa € etk il Ky =k ) p (= (=1, + T.0+v k=T, +1,,0]+

=1
g

+ D 1o (08 g koo il (K, — K ;) py X
i=l
i

Xr k=T, +1 o )4y k=1, +1 0]+ 5 (k1) i=La (5)

System (1) in the matrix form can be rewritlen as

B g+ AN o). i=ln ©

where V,T(f)=(v,(l.t).....vi (L.t)} - the vector of incomes of system S,. L - the
number of network states.

The number of priority and non-priority requests do not depend on cach other,
s0 the number of states in the considered network equals the number of ways to
place priority requests K, and non-priority requests K. in the service systems, that
is L=C)ri ,Ch k-

Consider (irst the example of a network with a small number of states.
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Example 1. Consider a closed network with the following parameters 3 =2.

K =3, K,=2,m =m, =1 System (5) in this case is:

v (k.1
( l]((ﬁ D nU ) = [ty ()€ Ry )+ 455 ()8, (g Ky D oy + (et (08 (R ) +

+ (0 (kR ) p I (R 8) 4 ) ()€ (kg Julh (K — Ky ) pyy X
XIF ke + 1 =y v ko L = L O+ fhn (D8 (ks Koy Jalka) X
YUK 3 —ky ) oy 77k + Ly = L) vk + 1y — Ly O]+ 22, (e (k)X
Xu(k, (K, ks ) p[—r"" G =T, + 1, 00 +v (k=T + 15,0+ g, (1) %

X £y Ky R Ky = Ky pral—r P (k= 1y + Ty} v, (k= 1y + 141 7

e (k,
: ‘ﬂflz L =1 (kD=1 (D8 (kg D+ ()€ Tk kD) P + () (D (g ) +

+ i (D23 (ko ko ) Py V2 (K, )+ iy (&) (K Dk (K — k) pry X

PA T T SO D BTN ¢ T SO RO BT AN ¢ NN ¢ S O 1710 S

(K =k )P PPk + Ly — 1) 3y (ko d oy — 1 1))+ 1 (1) (k)X

Xu(ky Ju(K =k Yoy [—r" k=1 + T L)+ vy (k= 1, + 1,01+ fh5, (£)x
X & (Koy oy YUy YUKy — k) poy| =7 (k= Ly + 4y 1)+ w3k — Loy + 150

The initial conditions are v, (£,0)=0, i= 1_2
The number of network states are £ = C:_;\'. -1C:_}< =12, they are (0.0;3.2),

(3.0;0,2), (3,1;0,1), (3,2;0,0). We number them from 1 to 12,
Assume that the incomes Itom the transitions between states arc lincarly

dependent on time. We define them by the means of matrices: R = ”l;-;“(l)

122

and RV ()=

;;}3'(1)“|2x|2. In matrix R'"” (1) at the intersection of line i and column
j. (i# j)is the income (rom the transition from state i to state j for requests of
the first type; i = j, then on the main diagonal incomes £ (4, ¢). In matrix RN
at the intersection of line 7 and column J, {{ # J) is the income from a transition
from state / to state j for requests for the second type; if {=j then, on the main
diagonal incomes »,(k,0). Let incomes r(k,7) and r,(k.f) depend lincarly on
time as well: nik.7)=rik) and r(k,1)=r(k). We define matrices Ry and

R (1) as:
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1 3567 8246351

338136457961

3537 412365189

1 45167 820426

1 385142625286

0 4 56 9 8 43 658°¢62
R ()= _ t

1 456 951123609

7826 34677123

56 98 71255728

1 23 498765131

467912357149
9764311535709,

1 3467 9% 271%93

3367 915162 3°%6

4 6 48 7 41 2356 8

1 23187 4569835

1 265 713658291

) 236 975236475
R-(n)= i

298 7 46536216

286 412598713

2971369521406

1 36 265413691

36 47 988564723

1 369 5 2365474

The matrix of transition request probabilities between QS networks has the form

_[0 1
sz_\l 0

and let poO =at, g (1) =yt j, (1) = @t () = ot o, =1L
&, =13, @, =7, @, =9. Substituting the cxpressions lor the intensitics and
transition probabilitics between the requests in QS system (3), we obtain

P=

Py



Finding cxpected meomes in HM-network with prionity reguests and linear dme-dependent ... 185

v (k.1
‘ ll:ﬁ' ) = (k) =[(1362 (ko) = 92 ke Koy ) = 11 (K ) = T (K kD (ka0 +

136, ey etk s (K, =Ky IO + 1y = Lot + vy + 1, = Loy )]+

+9¢,,(ky) Ko ek (K =& 5 Wk + I =ay+yk+1, =100+

116k Dtk K, = Kot r 0= 1 + L yr+ vk =1 + L D+
+785(kyy Ky etk (K —J’:B)r[—r"g’(k—l13 +l vk =1,+1.0) (&)

v, (k1) :
= _'(f, = i (k) = [(13€3,Ua)) = 9 Uk ey ) = Ly ey )= T (koK Dy () +

+ 11, ke etk (K — ko eV e+ 1, = 1 )t v,k 1, — 1 L8]+

+ 78,0k Ry G (K =k i r S (k+ Ly = 1)t +vs (ko Ly = 1 ]+
+13e, Uy itk (K =k M= (k= Ly + 1 e+ v (k= Ly + 1 01+
985, (k) Wi (K =k =12 (k= Loy + 1)+ v (k= Ly + 15201

For various states of the nctwork, this system can be rewritten in the form of
twa systems of diflerential equations:

$=—20w,(1,1 V413035 (4.0 + 780 41,
%=—2On’l(2g)+7ﬁvl (L6)+13¢%v (5,) + 187 + 3¢,
%:-201‘3(3,:” 700 (2,0 + 1305, (6,0)+ 131° + 31,
%:—241\;1(4,1)“ 17w (LO+ 13 (7.0) + 10417 + 2.
| %:-241\.’,(5,0“ I 2.0+ 1360y (8.0 + 78 +1,
%:-24:»} (6,0)+ 112y, (3.0) 4137 (9, 1)+ 651 + 41,
mﬁ#:—zmln,m] 17w (4.0 + 1367, (10.2) + 3987 +1,
%:—“411!, 8,00+ 1167y, (5.0)+1367v, (1 L.1) + 2667 + 71,
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‘7""1(;1’) ==200 (91 + 1170 (6,0)+ 13070 (12,0) + 104 + 51,
df
""1_(:"” ) 20m (0. + 1112, (7.0 + 9 (1 1.1) + 812 1.
dt
i (_: L0 a0y (10,1 41120, 8,6+ 9, (12,10 + 272+ 4,
41
- {12 B
dll(]—“ﬁzllyzvl(gfj)—:a'!; +9r,
dt
w(j0)=0. /=112

v, (1L1) =137, (4.0) +1.
dt -
Jve (D y 4 — b
D220 0y (2. + 70 (L) 413 (5.0) + 216 + 31,
dt . ) )
ClelE 1) ;” ) o200y, (3. + 70, (2 13, 6.1+ 420 + 41,
£
@.4.0 ;4*') =240, (4.0 + 115 (LO+ 13070, (7,0 +131° +1,
44
v, :’ ) 215, )+ LI (2 + 13 (8,00 + 33 + 71,
£
= ;‘M) =—241,(6,1) + 117y, (3.1)+1367v,(9,0) + 601 + 5t
dt ; . )
D) oy (7.0 + L1 v () 130, (10,0 + 660 + 51,
dt - ) )
dv j&_’) = =24m0, (8,1) + 117w, (5,0)+ 1330, (1 1.0)+33¢% + 91,
dt B )
PO 2,00+ 110, 6.0) + L3, 12,0+ 220+ 21,
dv, ([10:’) = =180, (10,0 + 11, (7.0)+ 97w, (1 L) + 7717 + 61,
dt - ) )
dvz{ilxl“—’) =—18v, (1L + 117w, (8,00 +97v, (12,1) + 7717 + 21,
[£
L (12, ) .
—"‘=‘;I D) v, 12,0~ 112, 9,0+ 33 + 41,
[£

v, (j,0)=0, j=112.
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We solve this system by means ol difference schemes, for cach node makes up
a system of lincar algebraic equations

J’v,.(z}._l) =V, (1) + Q0 D+ A0 WG )i,
T —

l[j:f“-i-jh, f“:U, h:ﬁ’ 1:]7”_

where V" (10 =(v,(L1),...v(120)), n=2. k=001 T=30, N=3000, deciding

to obtain the values of incomes at these points. Figure 1 shows a graph of the in-
come changing of system 8, if the initial state of the network was & = (3,0:0,2).

vy (k,t) \
62

45
30

15

Y

2 4 6 8 10 ¢

Fig. [ Income ol system § lor initial state ol network & = (3,0:0,2)

Vectors Q,(f), @,(r) and matrices A (¢) and A,(t) have a greater dimension
cqual Lo the number of states of a network. Their calculation takes a long time duc
to the fact that it is necessary to keep in memory a large number of elements {espe-
cially networks of a large dimension). Therelore, an algorithm for linding incomes
significantly speeds up the process if one does not receive an explicit matrix in (2)
and does not store any intermediate information, and immediately gets the final
result for the expected incomes.

Example 2. Consider a closed network with the following parameters n=20,
K =60, K,=40, m=(21.1314.1.5.3.2,4,3.2.1.3.2.1.3.4.2) , wherc component i of

the vector is the number of service lines of QS number 7, i =1,20. Let the matrix
of transitions probabilities of requests between QS networks:
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R L R I |
0 - — - —--000000000O0O0O0O00 0
5 5 5 5 5
I 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
L 0OOO0DO0OOO0OO0D0DO0OO0O0O0DO0O0O0O0O0 0 0
L 0O0OO0DO0OO0OO0OO0D0O0O0O0O0D0O0ID0O0O0 0 0
Looool L L L Ul 4y 90000000
7 7 7 1 7 7 7
O 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
00001 000D0OO0OO0DO0O0D0DO0O0O0 0
00001 000DO0OOOOO0DO0O0D0DO0O0 0 0
00001000DODOOOO0DO0O0D0DO0O0 0 0
p_|0 0 00 1L 000D0O0O0O0O0O0O0D0O0O0 0D
0oo00Looooo0oo0 1l Ll lyyggo
6 6 6 6 6 6
000000O0O0DOO0OT1LO0OO0DO0O0D0DO0O0 0 0
000000O0ODOOTLOO0D0O0D0DO0O0 0 0
0000000000 1000000000
0000000000 100000000 0
00000000001 00000000 0
0000000000%X000000ttl
4 4 4 1
000000000000 0000TL1 00 0
O 00000 0000000000T1 00 0
00000O0O0OOOO0O0O0O0O0O0TL1 00 0

The intensity of service is set by such functions as g, () =15, w,. (1) =101, if
modulo 7 o 3is 15 g, (1)=13t, @, (£)=18¢, il modulo 7 1o 3 is 25 g, (1) =174,
2> (1) =164, if modulo i to 315 0.

Assume that the incomes from the transitions between the states of the network
are linear functions of time. In this case we define the coefficients of random sof-
ware with built-in {unctions Delphi 7.0}, which are based on a lincar congruent
random number generator. It is necessary 1o compute the members of a lincar re-
curring sequence modulo with a positive integer m given by the following formula:

X, ={aX, +c)mod m

where @ and ¢ - the integer coefficients. The resulting sequence depends on the
choice of starting X, and its different values are obtained by different sequences
of random numbers.

We present the systems of ditferential equations for the expected income of
some QS:



Finding cxpected meomes in HM-network with prionity reguests and linear dme-dependent ... 189

dv, (k. ¢
l_.:fl " - ro Ut =156, (k) ) =108, (), Ky ) = 1365, Uk, ) = 1885, Uy, Ko D (k) +
+ 158,k uetky (K — ko WA e+ 1, — 1 0+ e+ 1, — 1 .0]+
+ 1085k, Ky el O K s — ko 0 G4 £y — 150 +v, (k4 1y — £ 5.0]+

+ 138y, (hy ielh, Dl Ky =k l=r" k= Loy + 10+ (k= 1y + 101+

F 18, (A ko itk (K =k L=r Pk =y + I+ vy (k= Ly + 5,0,

———— = k) _[“5551”‘5| )= 08 (s, kan ) = 17 & (ki ) — L0 (kg Ky ))}1‘0(k,t) +

v (k1)
df

+ 158, (kg et (K | — ko 0P e o — 14 v U+ £ — 15014

+ 108, (g, ks itk Wil K — ke 0P e+ gy — I )t vk + 1, — 1, 0]+

+ 176, e Ytk (K| — kg W[ G — T + 150t v (h— 1, + 1.0]+

F 16833 kg ooy Wtk MUKy —hey W[ (ke — £y + 13 )t + v, Uk — 1y + 153,1)]
dvyy (k1) _

0 1L (k) — [(] 560k =108 5 (kg ko) —

“13e,,, Gk V=188, (ky ko b k0 +
+158,,, 0k, el (K —dey wr M+ Ty, =1 D+ e+ T =1 01+
+108,, 3 (kyy Ky Dtk (K =k DD+ E =1 0+ (k41— D1+
+13e,, (kyy Duelk,y YK~k =" =1+ 1 v =1+ 401+
1885, (ko gy ey, Yt Ky — ke [ 2 (k=T 5+ 1 Dt +v (k=T + 1 5.0]

The initial conditions arc given in the form v, (£,0)=0, i =120.

vi(k,r)
5,00-10°

S
-

3,75-10°

2,50-10°

1,25-10°%

2 4 6 8 10 ¢

Fig. 2. Income of system S, for initial state of network
N p 2
Al D -

k=132:3. 232 3.2:3.2:3.2:13.2:5.2
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The number ol states of the network 18 equal to f=¢"L ¢r}

=K =1 e+ Ka-L =

=12349579622514650786 13775579490700.
These systems are solved by means of difference schemes. The schedule of in-
come in the first system for initial state k=(3,2;3,2:3,2:3.2;3.2:3,2;
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