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Abstract. Application of the standard boundary element meéthmr numerical solution

of the bioheat transfer equation requires discadtmn not only the boundary but also
the interior of the domain considered. It resultsrf the presence of internal heat sources in
the biological tissue (metabolic and perfusion sesy. In this paper the variant of the BEM
which is connected only with the boundary discedtan is presented. It is the essential
advantage of the algorithm proposed in comparisgh the classical one. As example,
the problem of temperature field computations iatimg biological tissue domain is solved.

Introduction

The blood perfusion greatly affects the thermapoese of living tissue and
Pennes proposed quantifying heat transfer effecteifused biological tissue by
a heat source appearing in the energy equatioi [IK& capacity of internal heat
sources is proportional to the perfusion rate dmeddifference between the tissue
temperature and the global arterial blood tempegatu

In this paper we consider the steady state probledrthen the Pennes equation
takes a form

XO0Q: ADPT(x)+ 6 Ge[ T —T(x) |+ Qe =0 (1)

where A [W/ mK] is the thermal conductivit® .« [W/m®] is the metabolic heat

sourceGg [m®/s/n? tissue] is the blood perfusion rates; [J/nP K] is the volumetric
specific heat of bloodl is the arterial blood temperatufiegdenotes the temperature,

X ={Xq1, X}
The equation (1) can be written as follows

x0Q: A 0°T(x)-9gT(x)+ Q=0 (2)
where

g=GgC, Q=9T;+ Q. (3
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Equation (2) is supplemented by the boundary canditshown in Figure 1.

.
X

Fig. 1. Domain considered and boundary conditions
On the skin surface the Dirichlet condition is amed
0<x,<L: T(0,%)=T,(X,)=Tpa——"2—X, (4)

whereT_ . is the maximum value of temperature. On the uppdrlawer surfaces
the zero heat fluxj( x) = =10 T (x)/d n can be accepted.

The problem formulated is solved by means of thal deciprocity boundary
element method.

1. Boundary element method for the bioheat transfer equation

The standard boundary element method algorithmslead the following
integral equation [4-6]

B(£)T(&)+ [T (&%) a(x) dr =

=[q(£x)T(x) o +[[Q-gT(x)]T(£x) & (5

r

where ¢ is the observation poirl (& )0(0, 1], T (&, x) is the fundamental solu-
tion, q(x)=-10T(x)/dn is the heat fluxg (&, x)=-A0T (&,x)/dn is
the heat flux resulting from the fundamental salnti
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Fundamental solution has the following form

T (&,x) = L In?1

27/ ©

where r is the distance between the poirftsand x. Heat flux resulting from the
fundamental solution can be calculated analyticatigt then

T (%)= 5 ™)
where
d:(xl—fl)cosal+(x2—52) cosr , (8)

while cosa ,, cosa, are the directional cosines of the boundary nosreatorn.

It should be pointed out that the functin( &, x) fulfills the equation
A DT (x)=-9(¢.x) 9)

where d( &,x) is the Dirac function.

2. DRBEM for the bioheat transfer equation

The solution of Pennes equation (2) can be wrdikea sum
T(x) =T(x)+U(x) (10)
where the first function is the solution of Laplacequation
x0Q: A0 (x)=0 (11)
andU (x) is a particular solution of equation
x0Q: AD0U(x)-gU(x)=0 (12)
From equations (2), (11), (12) results that

T(x)=U(x)+2 (13)
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It is generally difficult to find the solutiorU (x). In the dual reciprocity
method the following approximation is proposed [5]

N+L

U (x)= ;akfk(x) (14)

wherea, are unknown coefficients antj ( x) are approximating functions fulfilling
the equations

gmzuk(x) = f (x) (15)

Putting (15) into (14) one obtains
U (x) =% a0, (x) (16)
=1

In equations (14), (16N +L corresponds to the total number of the nodes,
where N is the number of boundary nodes dnds the number of internal nodes.
We consider the last integral in equation (5)

D = [[Q-gT(X)]T"(&x)dQ = -g[U (X)T" (& .x) dQ (17)

Taking into account the dependence (16) one obtains
N+L

==y J'[akﬁ 02U, (X)] T"(¢,x) dQ (18)

k=1 o

Using the second Green formula [2, 4] one has
N+L

—k;ak i[A DZT*(E,X)]Uk(X) daQ -

N+Lakj /]T*(f,X)aU (X) « 6Ta(r<:,X)

(19)
dr

k=1
Because (c.f. formula (9))

[[A0°T" (6.X)]U (%) dQ =

_15(951X)Uk(x) do = -B(&)U, (é) (20)

Q
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° ZZZiLakB(é)uk(gp
N+L =t on
kzlak'![T (& X)W, () =U (x)d (& x) ] dr
where
W (X) = —Aaua;n(x) 2

Taking into account the formula (21) the equatishdan be written in the form

B(&)T (&) + [T" (&, x)a(x)dr = [q (& x)T(x)dr +
(23)
2% B(e)U(8) + !T*(i- X)W, (x)dr —!q* (& x)u, (x)dr

3. Numerical realization of the DRBEM

In order to solve the equation (23), the boundarig divided intoN boundary
elements and in the interior of the domaininternal nodes are distinguished. In
the case of constant boundary elements it is astina¢

y _ T(X)zT(Xi):Tj

s {q(X)=Q(XJ)=q, o
. U, (x) =U. (%) =U,,

e {Wk(x) =Wk(XJ') = Wiy )

So, the following approximation of equation (23)nche taken into account
(i=1,2,..,N N+ 1. .N+L)

N

BT, +qu J‘T*(éi- x)dr; =>T, J‘q* (&, x)dr +
=T =T

N+L

+Zak[BiUik+ Wj.ij*(gi,x)drj—Zujqu*(gi,x)drj (26)
k=1 j=1 r

j=1 r;
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or
N N N+L N N
BiTi +2Gijqj = zHijTj + Za‘k(BiUik + Gijok _ZHijUjk\J (27)
=1 j=1 k=1 j=1 =1
where
G, = [T (&, x)dr, (28)
I—J
and
Hy = [q (&, x)dr, (29)

while B =B(¢). We define [5, 6]

rz rd
— _ I
U jk 7 + ? (30)
where (Figure 2)
2 2
rj2k = (Xlk - le) + (sz - X2j) (31)
Using the formula (22) one obtains
ou
~ 0x; | E
W, = -A[cosu,; cosa, | o =Ady | S+ (32)
I
0%,
where
djk = (x1k - xlj)cosm1j + (x2k - xzj)cosazj (33)
Because
2
DZUSk — 6 UZSK + azuzsk =1+ rsk (34)
aX:Lk aka
so on the basis of equation (15) one has
A
fsk = fk(xs) = 5(14- r.sk) (35)
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source point

source

point point

Fig. 2. Vectors;; andr;j for boundary and internal source points

Taking into account the dependencies (13), (14)atrtains

N+L

1
Ts - _Q = zak fsk (36)
g k=1

whereT, =T(xs) . The system of equations (36) can be written enrtiatrix form

T1 _Q/ g f11 f12 f1N+|_ a
Tz -Q / g — f21 fzz f2N+L a, (37)
TN+L - Q / g fN+|_,1 fN+L,2 fN+L,N+L Ay
or
T-zZ=fa - a=f"(T-2) (38)

where
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T, Q/g]
T, Q/g

T=| Ty |, Z=\Qlg (39)
TN+1 Q / g
_TN+L_ _Q / g_

The following matrices of dimensiond + L x N + L can be defined

G, G, .. G, 0 ..0
co| G Gu: o Guy 0 .0 @0
GN+1,1 GN+1,2 GN+1N o ... 0
_GN+L,1 GN+L,2 : GN+L,N 0 0_
i Hy, H,, H iy 0 0]
qo| Hua Hue oo Hyy 00 "
Hua: Huoio o Hgom -1 ... O
_H N+L,L H N+L,2 H N+L N 0 - T :E
where
Hi\ i % ]
H; =4 - .. (42)
H, -1/2, i=]j
and
(U, U, .. U, Up: .. Uy ]
Uo|Uni Unz o Ui Ui o U @3
U N+1,1 U N+1,2 U N+ 1N U N+ IN+1 """ U N+ IN+L
_UN+L,1 UN+L,2 UN+L,N UN+L,N+1 UN+LN+L_
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W, Wy, o Wiy Wi, oo Wy
W Wi Wao o Wan Wagr oo Wi s
0 0 .. 0 0 .. 0
0 0 0 0 0

So, the system of equations (27) can be writtaheémmatrix form

Gg=HT+(GW -HU)a (45)

or (c.f. formula (38) )
Gq=HT + (GW - HU)f * (T - 2) (46)

where
G
= | O 47
a=l, (47)
(. 0 -

4. Results of computations

The square of dimensiors03x 0.0: m has been considered. The following input

data have been assumed: thermal conductiviy0.75 W/(m K), perfusion coeffi-
cient g =1998.1W/(m*K), Q =74349.7 W/, temperaturd__ =60°C (c.f. Fig. 1).

Fig. 3. Temperature distribution
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The problem has been solved by means of the DRBIE.boundary has been
divided into 60 constant boundary elements, in ititerior of the domain 225
internal points has been distinguished. In Figureéh8 temperature field in
the domain considered is shown.
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