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Abstract. In the paper the nonlinear diffusion equationdssidered, this means the volu-
metric specific heat and thermal conductivity @n@perature dependent. To solve the prob-
lem by means of the boundary element method thehKaff transformation is introduced
and for each time step the mean values of thesameders are taken into account.
In the final part of the paper the results of cotafians are shown.

1. Formulation of the problem

Non-steady temperature field in the plate (1D peof)l is described by
the following energy equation

O<x<L : (‘I’)M a{('l‘)aT(X’ t)} D

wherec(T) is the volumetric specific heat(T) is the thermal conductivityf, X, t
denote temperature, spatial co-ordinate and tiesmeactively.
Equation (1) is supplemented by the boundary initaditions

x=0 : q( t)= x(naT(X b -

x=L: Txt)=T (2
t=0 : T, t)=T,

whereTy, g, are the known boundary temperature and boyrdsat flux, while
To is the initial temperature.
The Kirchhoff transformation is introduced

U =[w du 3)
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and then the equation (1) takes a form [1, 2]
ouU(x t) 0% U (x, t)

O<x<L : C(T)T = )\,(-DT (4)
or
AU _ a2 U 1)
O<x<L T - aﬂ'}T (5)

wherea(T) = A(T)/c(T). The boundary initial conditions (2) are alsons#rmed
using definition (3) and then

_0U(x t) _
0 X -
x=L: UK t)=U, (6)

x=0 : g x,t)=

t=0 : Ukk,t)=U,
whereU, = U(T,) andU, = U(Ty).

2. First scheme of the boundary element method

At first the time grid

0=t<tl<t?< .<ti?T<th < . <tF <o (7
with constant stept =t —t" ™ is introduced.
Using the weighted residual criterion [2, 3] fouatjon (5) one obtains

oL 02U t) UK t)| o . _
tJ‘—ljt;{af a X ot i|U(a’X’t’t)dth_( (8)

wherea; is the mean value of thermal diffussivity for intal time =2, t.
In equation (8ET(0, L) is the observation point){E, x, t', t) is the fundamen-
tal solution [2-4]

0 foey— 1 _ (x=¢)
U x t,t)= 2\/7: ol o) ex;{ Za —t)} 9

Heat flux resulting from the fundamental solutisrdefined as follows

e x t,1)=-2Y (i; %L ) (10)
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this means
o f X=& (X—é)z
1 1t lt = 3/2 - f 11
TEx Y 4 [a ' -1)] ex’{ 4a (t —t)} ()

The first component of equation (8) is integratetcé by parts with respect
tox and then

tf

J

-1

L
jafa U(X Y uoe x t, 1) o dt =
0

t

—tf x=L
j a, U'E, x, t', t)wdt} -
P d X
- 0 (12)
tf 0 f x=L
[ a e n2U et ,t)dt} R
- 0 X
L x=0
thoL 20 f
a, U EX G0 1) dt
RTINS 0 X
The second component of equation (8) is integrayeglarts with respect o
ttoL
[ OUBY yogrx 1) ok di=
tf-l 0 at
T (23)
L t=t tf L 0 f
[ure xt ouena| -] [22EXDY gy
0 =tfL P ) at
Putting (12), (13) into (8) one obtains
thoL 2 0 f u] f ]
I I afa U (&,zx,t ,t)+6U € x t,t) U 1) ok dt +
RO d X 0t |
-tf x=L
[ auxrwext ndy -
_tifl Jy=0
[t x=L (14)
a, U g x t g tydt| -
_tf—l dy=0
o =t
fuogx t', U x,t) & =0
LO =t
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whereq(x, t) = -0 U(x, t)/ax. Taking into account the properties [2-4] of funda
mental solution (9) one obtains

x=L

UE, t') + {af tj U“E x t',t)a(x, t)dt] =

x=0

[af tj g g x t,t)U(x t) dt] + (15)

x=0

f UZg(x, t" t"™)u x,t') &

3. Numerical realization of boundary element method

In numerical realization of the BEM the constamneénts with respect to time
are considered

U, t)=Uk,t")
toft™ '] { (16)
q(, ) =ax t)
The equation (15) takes a form
U (&, tf)+[af qx, t' )tJ‘ U"g, x t, t)dt} =

f-1
t x=0

[afu K.t )tj d & % tf,t)dt] ¥ (17)

fa
t x=0

L
Juog x t' ) uet™) o
0

or

UE t")+gE L)q(L, t')-gE 0) q(, t' )=
hE LY U(L, t')=hE, 0) U0, t" 1+ PE)

(18)
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where

9 x) = & tj U“g, x t,t)dt
and

h(S, X)=ar:j_1 aE x t,ndt
while

PE) = j UYE x t ") U x,t'™) ok

The integrals (19), (20) are calculated in anaijtigay [2] and then

I T S LS P G b
96 X )=y ex{ 4afAt} 2 erf{z aAt

and

n(e, x) =205 erf{JX;TtJ

Foré - 0" andé - L™ one obtains the following system of equations
U@t )+g@OL)gl,t' }g(0 0)q (Ot ¥
h(0",L)U (L,t" h(0, O)U (0t" ¥ P (0)

UL, t)+g(L, L)alL,t" gL, 0)q0O,t ¥
h(L, L)YU(L,t")-h(C, O)U (O,t" ¥ P ()

which can be written in the matrix form

[—g(o, 0) g(o,L)} [q(0,t' )}
-g(L,0) g(L,L)] [q(L, t")

-h(0*,0-1 h(@,L) | [uU (Ot +{P(oq
—h(L™,0) h(L",L)-1 [U ¢,t") | P(L

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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or
{Gn G12:| {Q(O, t' )} ={H11 le} {U (0,t' )]{P(O)} (26)
G, Gy la(Lth) H,, Hol U (Lt")] |P(L)

It is easy to check that

H11:H22=_O.5
1 L (27)
Hi; =Hy =—erf¢ ———
12 2175 {2 afAt}
and
a;At
G1=-Gp=-
b
28
G,=-G afAte L L orf L o
= - = [ X _— —_—— —
2 21 T 4alt 2 2./as At

Taking into account the boundary conditions (6)digtem of equations (26) takes

a form
|:G11 GlZ:| [ Qbf }z[Hn le} {U(O,tf )]'_{P(O)} (29)
G,, G,||a(Lt) H,, H, u, P(L)
This system of equations allows to find the valugs, t'), q(L, t). The values
of functionU at the internal point& are calculated using the formula (c.f. equation

(18))
U@ t")=hE, L)U,~hE, 0)U(O,t" )}

9@ L a(L, t')+ g€, 0) g+ PE)

(30)

4. Results of computations

The plate of thicknesk = 0.05 m made of steel is considered. On the left
surfacex = 0 the boundary heat fluy, = 900> W/n? is assumed, on the right
surfacex = L the temperaturél, = 100C is accepted. The initial condition
To = 100C is given. It is assumed that

c(T)=g+cT+¢gT [D/(nt K)] (31)
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and
MT)=h+bT+ QTZ [W/(m K)] (32)

wherec; = 3.773310°, ¢, = 407.8587,c; = 1.43313b;, = 52.266,b, = -0.0186,
bs; = -0.00002. These coefficients have been obtaineth@mbasis of experimental
data for steel of chemical component 2@, 0.126 Si, 0.63%6 Mn, 0.0346 S,
0.034% P, 0.0746 Ni, 0.13%6 Cu, 0.020 Al, 0.036% A [5].

Using the definition (3) one has

U(T)=t1T+§T2+ET3 (33)
2 3
The inverse function, this meam@)) is the solution of following equation
gT3+&T2+blT—U =0 (34)
3 2
In Figure 1 the course of functi@n(T) = A (T)/c(T) is shown.
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Fig. 1. Course of functioa (T )

The problem has been solved using the boundaryesliemethod. The domain
considered has been divided itNe= 100 internal cells, this means

0=X <X <..<Xj1 <X <..<Xy =L (35)
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where h = x — X1 = const. Time step was equalt = 1 s. The following
approximation of the thermal diffussivity has beaken into account

1 3 f1
af:N+12a[T(>g,t )] (36)

=0

In Figure 2 the temperature distribution in the domconsidered is shown,
while Figure 3 illustrates the heating curves at plointsx; = 0,%, = 0.01 mxz =
=0.02 mx, = 0.03 mxs = 0.04 m.

Foo

T[oC]

600

a0 s

500

40 =

0 s

400

20s

10s

acn

200

[ifa's} a0l 002 an3 .04 05 %[ m]

Fig. 2. Temperature distribution
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Fig. 3. Heating curves
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In Figure 4 the heating curves at the points 1 &faor temperature dependent
thermal diffussivity a(T) and the mean value of this parameter, this means
an = 9.9210° W/ n?* (marked by 1a and 3a) are shown.
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Fig. 4. Heating curves for temperature depender)(and mean value af(1a, 3a)
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