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Abstract. The purpose of this paper is free longitudinakration problem of a non-uniform
rods coupled by spring-mass systems. The solufidéheoboundary problem is obtained by
the use of the Green’s function method. In the pap@amples of the Green’s functions
corresponding to the second order differential afzerare presented.

Introduction

The longitudinal vibration problem of a system ca®gd of rods coupled
by discrete elements has been presented, for eeamghe references [1-4].

In the reference [2] authors presented the solutianclosed form of the prob-
lem of longitudinal vibrations of two uniform rodsoupled by translational
springs. The papers [1] and [3] present symilabjam of vibration of uniform
rods coupled by spring-mass systems. The papermifé$ents rods vibration
problem using alternative formulation of the freqoye equation. The formulation
is based on the discretization of the elastic rogisheir firstn eigenfunctions.
To find a solution of vibration problem the Greefusiction method is applied in
references [2-4].

The purpose of this paper is solution of vibratmmoblem of two rods with
variable geometrical parameters. It is assumedrtds are connected by an arbi-
trary number of discrete spring-mass systems. TDmelation of the problem
establish the differential equations of motion @fis and the boundary conditions
corresponding to attachements of the rods’ endactEgolution of the boudary
problem is obtained by using of the Green’s functizetod.

In the paper are also presented examples of Gréamsions corresponding to
a second order differential operators occurringdifferential description od
the rods vibration. This Green’s functions are woigd for chosen functions
describing varrying cross-section of the rod.
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1. Formulation of the problem

Consider a system of two rods of lengittwhich are coupled by spring-mass
systems with the masses and stiffness modul&;(x) (Fig. 1) wherei = 1, 2;
j =1,...,n. Discrete elements are attached at po‘)@ts;f the rods.

X1

Fig. 1. A sketch of non-uniform rods coupledrbgpring-mass systems

Assuming that the non-uniform rods are charactdrizg A (x) - functions

describing cross sections of the rogs, E - densities of rods material and

Young modulus’, respectively, the differential etjoas of longitudinal vibrations
of the rods are:

Afu(x1)]= ZKJEEZ ~u (%) | @B(x - %) (1)
i=1,2=1,2,...n

whered() denotes the Dirac delta functior,J[0,L;] and A, (i = 1, 2) are differ-
ential operators in the form:

62

~ 0 ~ 0
A= o EA(K) |- nA ()2 @

Motion z of massesn are governed by:

d?z.

ijZJ+k1j[zj (t) - (%, 't)]+kzi[zj (t) - uy(%, -t)]:o ©)
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The function describing the longitudinal displacemseof the first and second rods
satysfies homogeneous boundary conditions, whiatbeawritten symbolically in
the form:

Bo, |:ui (% 1t)]‘

Longitudinal vibrations of the rods are harmoni¢hnthe frequencw. Using
separation of variables according to:

=0, B,[u (x ,t)]‘ =0 (4)

x=0 %=L

U (x,t)=U; (% )cosat, z(t)=Z; cosat
where U, ()g) andz; are the corresponding amplitude functions andinpmthem

into equations (1), (3) and (4), the eqations ofiomand boudary conditions can
be reformulated as:

0 ky U, (%y ) -0 (X, ) [+aPmU (X, B
Kl[Ul(xl)]=—Z:;kljD 9 (¢ 21'+k('xi§)2m i (Xj‘)m(xl—xlj) (5a)
NCATIES T el ek S S I

§0i|:_i (‘)JL:O =0, Eli I:Uu (Xi):Hx‘:g =0 (6)

ol -, .0 .
where ‘=a_>g{E‘A()§)a_>J+p‘(‘)ZA(‘)'

Introducing non-dimentional coordinates and nonetisional values:¢§, =ﬁ,

_ |2 K, L m,
¢, =%, &.¢,0[01, Qf:%' K =2, K, = 5L M =—

L E k; EA(0) pLA(0)
into diferentional equations (5a,b) and boudaryditions (6) yields following
non-dimensional boundary problem:

-5

M,
n Kj [Uz(zzj)_ul(zlj”-'-gi K.J Ul(ZJ;)

Al |:U1 (El):l - _Z Klj E M - D§({1 _le ) (7a)
Fl 1+K, -7

1j
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Ul -ua)] e k()
Ao [U2(8)]= 2K, B T 5(&,-¢,) (7H)
= 1+K, -2 2K,
Bo [Ui({i):”{i:o =0, By |:Ui(<ti):”£l:1:0 8

Diferrentional operatora,; , apearing on left side of equations (7), havefohe:

A E%{A(eﬁ)a%}ﬂfﬁ»(é)

2. Solution of the problem

The solution of the boundary problem (7)-(8) is adbéd with the use of
the Greens function method. Using boundary comuticand properties of
the Green'’s functions, the solution of the congdesroblem can be written as:

Mlj
n KJ[U2(Z2J)_U1(ZM' )]"Lgfﬁul(zu)
Ul({l):z _Klj E M. 2 BB1({11(11) (93-)
=1 1+ Kj __(212 KlJ

1

M,
. _[Uz(ZZJ)_Ul(le):I"'-Qg K J KJ'U Z(ZZ)
U2(52)=Z _sz E M. 2 ‘132({2'(2]) (9b)
= 1+K, -2 2K,

2j

or introducing following coefficients:

M. .
K, | K, -Qi
Ky, -K, K.
A= A= —
: _ 2M1j _ 2Mli
1+K. -Q 1+K -Qf —
j 1 ) j 1 K
1j 1j
M. .
K, |1-Q5 21K,
_ _sz _ KZJ -
Blj_ M ] BZ]_ M ,J_l, 2,...,n
_0O2_ 2i —_0O2_2i
1+KJ. Q; KJ. 1+KJ. Q; K.
K J

2j 2]
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as:

n

U, (&)=Y { Aua(7y)+ AU (7, ) B (£.2,) (10a)

U, (&)=Y {BU,(¢,)+B,U (¢, )} B.(€.< ) (10b)

j=1

Subsitutingé ;Z” fori =1, 2;j =1, 2,...,ninto equations (10a,b), displase-
ments of the pointg’; can be presented in the form:

U, (<) =Zn:{ AUL(¢4)+ AU ¢, )} G {0 ) (11a)

U (2) = 2{BUL(¢,) +BU (¢, )} B ¢, ) (11b)

This equations represent a set nthidmogeneous equations:

AU =0 (12)

The non-trivial solution of equation (12) existsemhthe determinant of the coeffi-
cient matrixA vanishesdj is the Kronecker delta):

_ [_ij + AikGl(ZJk 'le )] I:AZkG:L(Zk 'Z_’; )]]quksn
|:BlkG2((2k 'ZZJ )] |:_5jk + BQkGZ(ZZK £ 3 )]

1<j k<n

(13)

1<j k<n 1<j ksn

It yields the frequency equation:
detA=0 (14)

which is numerically solved with respect to non-dimeional frequency parameters
ALE,

2
27271

the mode shapes:

Q?, whereQ? = QZ. With the determined eigenfrequen@y, correspond

n-1

Uln (51) = 1:1{ Aiiul(ZJJ ) + AZJU z(Za )} [G 1(51Z 1"0 rl) (15)

+|:A.nC + AZnUZ(ZZn):I EGI(EI'ZI\’QIJ)
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,:1{ B,U,(¢y)+B,U ¢ )} G {§.¢;.Q4) (16)

+|:BlnC + anuz(zzn)] EGz(Eszm-Qm)

U, (&)=

I

where isC=U, ({,,).

3. Examples of Green’s functions

The Greens functions corresponding to the conssednd order differential
operator

A sd%(A({)d%] +Q%A(¢)

are derived. The cross section functiéis are assumed in the form:
a) A(§)=sin’(a¢ +1),

b) A(§) =€,

c) A(¢)=cosh?*(aé +1)

(o = const.). The Greens functions corresponding to thefunestican be written in
the form [4]:

cos«é siké | sink(é-n)

(@) t(e) «f(&)(n)

G(én)=¢ H(&-n) (17)
whereH(:) denotes Heaviside function and functid)rﬁf) for the considered cases
are:

a) f(¢&)=sin(aé +1), k* =Q%+a?

_a¢
e 2 K2=_QZ_a_
4

c) f(&)=cosh(a¢+1), k* = Q% -a’.

D) 1(¢)

Coefficientsc; andc, in formula (17) are determined on basis of the loaumy
conditions (Table 1).
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Table 1
Values of the coefficient; and c, for different boundary conditions

Mi(&) = sine(§ - ), M(&.n) = wf(§)cose(§ - ) - F(§)sink({ - 1)

Boundary conditions c=[cy,c 1"
u‘g:o =0, u"{zl =0 €=0 &= %
o= -1(0)M (1)
)] 1) My (o8- (g M (03]
1 :O, ’ - = o
Weso Hle-s = -f'(0)m(1)
ki) 10 wp0d-r(m(al]
. _ _—f(0)M (1) _ —f(0)M, (1)
ule, =0, u\{ﬂ—O G= f(q)Ml(o,J) s Kf(n)Ml(O,J)

Next example concerns the rod which cross-sectiea & described by func-
tion A(&)=(aé+1)". In this case the Green’s function has the forin [4

G(ém)= AV(E)[clJu(zg,)+czYU(z{)]+Gs(E,/7) wheno 0Z (18a)

G(&n)=p" (E)[QJU (z‘,) +c,J_, (zg)] +Gg (€.17) whenp JZ (18b)
FunctionGg(&,7) can be written as:
GS (E’/?) =M _1|:2‘Ju (Zf—lz)Yu (ZO) - py (E_,]) ‘]u (ZO)YU (Zf—lz )] H (E_,])
whenodZ  (19a)
G (€m)=M7[23,(2,)3., (%)= P (£-1)3,(2) 3 (%) [H (¢ -1)

whenoJZ  (19b)

where: z.=2(¢), z.,=2z(¢-n), z=2(0), z=2(1), « = const. and

M =%sin(un) . Values of coefficients; andc, depend on the boundary condi-

tions. For example, coefficients for rod clampedeéitend (G|f:0 =0) and free at

the right end Gé“:l =0) for vdZ are:
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- J-U(ZO)N3 C.= -Ji)(ZO)N3
D = D

1 1

For a free-free rodC@éL_o =G
= &=

=0), ¢, andc;, have the form:
1

= Nz(zo)Ns ’ c,= 'Nl(zo)N3
D, D

2

where:
Z2'M[J,(2)Ny(2))- 3, (2o) N ,(2)) ]
D, 'V'[N (20)No(2) =Ny(2)N (2],
770N 2,272, Zo)(Ju_l(Z},,)—Jw l(zi”))—JU(z()N (zi,,)]
6)= 203 ()23 e,
N, (&) =203, (£)+ €[ ,.(€) = 3,..(8)] foreD{z, 2,2}

Conclusions

The paper presents exact solution to the probleforafitudinal vibrations of
a system of non-uniform rods connected by doublengpmass elements.
The solution can be used in numerical investigatibwibration of the considered
systems. The Greens functions corresponding tdifferential operators occuring
in differential description of the rods vibratiomeapresented. The presented
method can be applied to solve the vibration proklef systems consisting many
non-uniform rods coupled by many discrete elements.
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