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Abstract. The purpose of this paper is free longitudinal vibration problem of a non-uniform 
rods coupled by spring-mass systems. The solution of the boundary problem is obtained by 
the use of the Green’s function method. In the paper examples of the Green’s functions 
corresponding to the second order differential operator are presented. 

Introduction 

The longitudinal vibration problem of a system composed of rods coupled  
by discrete elements has been presented, for example, in the references [1-4].  

In the reference [2] authors presented the solution in a closed form of the prob-
lem of longitudinal vibrations of two uniform rods coupled by translational 
springs. The papers [1] and [3] present symilar problem of vibration of uniform 
rods coupled by spring-mass systems. The paper [1] presents rods vibration  
problem using alternative formulation of the frequency equation. The formulation 
is based on the discretization of the elastic rods by their first n eigenfunctions.  
To find a solution of vibration problem the Green’s function method is applied in 
references [2-4]. 

The purpose of this paper is solution of vibration problem of two rods with 
variable geometrical parameters. It is assumed that rods are connected by an arbi-
trary number of discrete spring-mass systems. The formulation of the problem 
establish the differential equations of motion of rods and the boundary conditions 
corresponding to attachements of the rods’ ends. Exact solution of the boudary 
problem is obtained by using of the Green’s function metod. 

In the paper are also presented examples of Green’s functions corresponding to 
a second order differential operators occurring in differential description od  
the rods vibration. This Green’s functions are obtained for chosen functions  
describing varrying cross-section of the rod. 
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1. Formulation of the problem 

Consider a system of two rods of length Li which are coupled by n spring-mass 
systems with the masses mj and stiffness module kij(x) (Fig. 1) where i = 1, 2;  
j = 1,..., n. Discrete elements are attached at points ijx  of the rods. 
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Fig. 1. A sketch of non-uniform rods coupled by n spring-mass systems 

Assuming that the non-uniform rods are characterized by ( )i iA x%  - functions 

describing cross sections of the rods, iρ , iE  - densities of rods material and 
Young modulus’, respectively, the differential equations of longitudinal vibrations 
of the rods are:  

 ( ) ( ) ( ) ( )
1

n

i i i ij j i ij i ij
j

u x ,t k z t u x ,t x xδ
=

 Λ   = − ⋅ − ⋅ −   ∑%  (1) 

  i = 1, 2; j = 1, 2,…, n  

where δ(·) denotes the Dirac delta function, [ ]0i ix ,L∈  and iΛ%  (i = 1, 2) are differ-

ential operators in the form: 

 ( ) ( )
2

2i i i i i i i
i i

E A x A x
x x t

ρ
 ∂ ∂ ∂Λ ≡ − ∂ ∂ ∂ 

% %%   (2) 

Motion zj of masses mj are governed by: 

 ( ) ( ) ( ) ( )
2

1 1 1 2 2 22
0j

j j j j j j j

d z
m k z t u x ,t k z t u x ,t

dt
   + − + − =     (3) 
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The function describing the longitudinal displacements of the first and second rods 
satysfies homogeneous boundary conditions, which can be written symbolically in 
the form: 

 ( )0
0

0
i

i i i
x

u x ,t
=

  = B% , ( )1 0
i i

i i i
x L

u x ,t
=

  = B%  (4) 

Longitudinal vibrations of the rods are harmonic with the frequency ω. Using 
separation of variables according to: 

 ( ) ( )i i i iu x ,t U x cos tω= , ( )j jz t Z cos tω=  

where ( )i iU x  and Zj are the corresponding amplitude functions and putting them 

into equations (1), (3) and (4), the eqations of motion and boudary conditions can 
be reformulated as: 

( )
( ) ( ) ( ) ( )

2
2 2 2 1 1 1 1

1 1 1 1 1 12
1 1 2

n j j j j j

j j
j j j j

k U x U x m U x
U x k x x

k k m

ω
δ

ω=

 − +  Λ = − ⋅ ⋅ −  + −∑   (5a) 

( )
( ) ( ) ( ) ( )

2
1 2 2 1 1 2 2

2 2 2 2 2 22
1 1 2

n j j j j j

j j
j j j j

k U x U x m U x
U x k x x

k k m

ω
δ

ω=

 − − +  Λ = − −  + −∑   (5b) 

 ( )0
0

0
i

i i i
x

U x
=

  = B , ( )1 0
i i

i i i
x L

U x
=

  = B   (6) 

where ( ) ( )2
i i i i i i i

i i

E A x A x
x x

ρ ω
 ∂ ∂Λ ≡ + ∂ ∂ 

% % . 

Introducing non-dimentional coordinates and non-dimensional values: i
i

i

x

L
ξ = , 

ij
ij

i

x

L
ζ = , [ ]0 1i ij, ,ξ ζ ∈ , 

2 2
2 i i
i

i

L

E

ω ρΩΩΩΩ = , 2 j
j

ij

k
K

k
= , ( )0

ij i
ij

i i

k L
K

E A
= , ( )0

j
ij

i i i

m
M

L Aρ
=  

into diferentional equations (5a,b) and boudary conditions (6) yields following 
non-dimensional boundary problem: 

  ( )
( ) ( ) ( )

( )
12

2 2 1 1 1 1 1
1

1 1 1 1 1 1
1 12

1
1

1

j

j j j j
n

j

j j
j j

j
j

M
K U U U

K
U K

M
K

K

ζ ζ Ω ζ
ξ δ ξ ζ

Ω=

 − + 
Λ = − ⋅ ⋅ −  

+ −
∑   (7a) 
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( )
( ) ( ) ( )

( )
22

2 2 1 1 2 2 2
2

2 2 2 2 2 2
1 22

2
2

1

j

j j j j
n

j

j j
j j

j j
j

M
U U K U

K
U K

M
K K

K

ζ ζ Ω ζ
ξ δ ξ ζ

Ω=

 − − + 
Λ = − ⋅ ⋅ −  

+ −
∑   (7b) 

 ( )0
0

0
i

i i iU
ξ

ξ
=

  = B , ( )1
1

0
i

i i iU
ξ

ξ
=

  = B   (8) 

Diferrentional operators Λi , apearing on left side of equations (7), have the form: 

 ( ) ( )2
i i i i i i

i i

A Aξ ξ
ξ ξ
 ∂ ∂Λ ≡ + Ω ∂ ∂ 

 

2. Solution of the problem 

The solution of the boundary problem (7)-(8) is obtained with the use of  
the Greens function method. Using boundary conditions and properties of  
the Green’s functions, the solution of the considered problem can be written as: 

 ( )
( ) ( ) ( )

( )
12

2 2 1 1 1 1 1
1

1 1 1 1 1 1
11 2

1
1

1

j
j j j jn

j
j j

jj
j

j

M
K U U U

K
U K G ,

M
K

K

ζ ζ Ω ζ
ξ ξ ζ

Ω=

 
 − +  

 = − ⋅ ⋅ 
 + −
 
 

∑   (9a) 

   ( )
( ) ( ) ( )

( )
22

2 2 1 1 2 2 2
2

2 2 2 2 2 2
21 2

2
2

1

j
j j j jn

j
j j

jj
j j

j

M
U U K U

K
U K G ,

M
K K

K

ζ ζ Ω ζ
ξ ξ ζ

Ω=

 
 − − +  

 = − ⋅ ⋅ 
 + −
 
 

∑   (9b) 

or introducing following coefficients: 
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1

1
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1
1

1
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j

j
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j
j
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K

K

 
−  

 =
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ΩΩΩΩ
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2
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1
1
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K

K

−
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+ − ΩΩΩΩ
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1

22
2

2

1

j
j

j
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j

K
B

M
K K

K

−
=

+ − ΩΩΩΩ
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2

2
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1

1
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j

j j
j

M
K K

K
B

M
K K

K

 
− 

  =
+ −

ΩΩΩΩ

ΩΩΩΩ
, j = 1, 2, …, n 



Longitudinal vibrations of a non-uniform rods coupled by double spring-mass systems 281

as: 

 ( ) ( ) ( ){ } ( )1 1 1 1 1 2 2 2 1 1 1
1

n

j j j j j
j

U A U A U G ,ξ ζ ζ ξ ζ
=

= + ⋅∑   (10a) 

 ( ) ( ) ( ){ } ( )2 2 1 1 1 2 2 2 2 2 2
1

n

j j j j j
j

U B U B U G ,ξ ζ ζ ξ ζ
=

= + ⋅∑   (10b) 

Subsituting :i ijξ ζ=  for i = 1, 2; j = 1, 2,…, n into equations (10a,b), displase-

ments of the points ijζ  can be presented in the form: 

 ( ) ( ) ( ){ } ( )1 1 1 1 1 2 2 2 1 1 1
1

n

k j j j j k j
j

U A U A U G ,ζ ζ ζ ζ ζ
=

= + ⋅∑   (11a) 

 ( ) ( ) ( ){ } ( )2 2 1 1 1 2 2 2 2 2 2
1

n

k j j j j k j
j

U B U B U G ,ζ ζ ζ ζ ζ
=

= + ⋅∑   (11b) 

This equations represent a set of 2n homogeneous equations: 

 ⋅ =A U 0   (12) 

with unknown ( ) ( ) ( ) ( ) ( ) ( )1 11 1 12 1 1 2 21 2 22 2 2

T

n nU ,U ,...,U ,U ,U ,...,Uζ ζ ζ ζ ζ ζ=   U . 

The non-trivial solution of equation (12) exists when the determinant of the coeffi-
cient matrix A vanishes (δjk is the Kronecker delta): 

 
( ) ( )

( ) ( )
1 1 1 1 2 1 1 1

1 1

1 2 2 2 2 2 2 2
1 1

jk k k j k k j
j ,k n j ,k n

k k j jk k k j
j ,k n j ,k n

A G , A G ,

B G , B G ,

δ ζ ζ ζ ζ

ζ ζ δ ζ ζ
≤ ≤ ≤ ≤

≤ ≤ ≤ ≤

    − +    =     − +     

A   (13) 

It yields the frequency equation: 

 0det =A   (14) 

which is numerically solved with respect to non-dimensional frequency parameters 

2
iΩ , where 

2
2 21 1 2
1 22

2 2 1

L E

L E

ρ
ρ

Ω = Ω . With the determined eigenfrequency 2
imΩ  correspond 

the mode shapes: 

 
( ) ( ) ( ){ } ( )

( ) ( )

1

1 1 1 1 1 2 2 2 1 1 1 1
1

1 2 2 2 1 1 1 1

n

n j j j j j n
j

n n n n n

U A U A U G , ,

A C A U G , ,

ξ ζ ζ ξ ζ Ω

ζ ξ ζ Ω

−

=

= + ⋅

+  +  ⋅ 

∑
  (15) 
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( ) ( ) ( ){ } ( )

( ) ( )

1

2 2 1 1 1 2 2 2 2 2 2 2
1

1 2 2 2 2 2 2 2

n

j j j j j n
j

n n n n n

U B U B U G , ,

B C B U G , ,

ξ ζ ζ ξ ζ

ζ ξ ζ

−

=

= + ⋅ Ω

+ +  ⋅ Ω 

∑
  (16) 

where is ( )1 1nC U ζ= . 

3. Examples of Green’s functions 

The Greens functions corresponding to the consided second order differential 
operator 

 ( ) ( )2d d
A A

d d
ξ ξ

ξ ξ
 

Λ ≡ + Ω 
 

 

are derived. The cross section functions A(ξ) are assumed in the form: 

a) ( ) ( )2 1A sinξ αξ= + , 

b) ( )A e αξξ −= , 

c) ( ) ( )2 1A coshξ αξ= +  

(α = const.). The Greens functions corresponding to thefunctions can be written in 
the form [4]: 

 ( ) ( ) ( )
( )

( ) ( ) ( )1 2

sincos sin
G , c c H

f f f f

κ ξ ηκξ κξξ η ξ η
ξ ξ κ ξ η

−
= + + −   (17) 

where H(·) denotes Heaviside function and function ( )f ξ  for the considered cases 

are: 

a) ( ) ( )1f sinξ αξ= + , 2 2κ 2= Ω + α   

b) ( ) 2f e
αξ

ξ
−

= , 
2

2 2

4

ακ Ω= −   

c) ( ) ( )1f coshξ αξ= + , 2 2κ Ω 2= −α . 

Coefficients c1 and c2 in formula (17) are determined on basis of the boundary 
conditions (Table 1).  
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Table 1 
Values of the coefficients c1 and c2 for different boundary conditions 
M1(ξξξξ,ηηηη) = sinκ(ξξξξ - ηηηη), M(ξξξξ,ηηηη) = κf(ξξξξ)cosκ(ξξξξ - ηηηη) - f'( ξξξξ)sinκ(ξξξξ - ηηηη) 

Boundary conditions c = [c1, c2 ]
T 

0 1
0 0u , uξ ξ= =

′= =  c1 = 0,  
( )

( ) ( )
1

1 02
M ,

f M ,
c =

η
κ η

−
 

0 1
0 0u , uξ ξ= =

= =  c1 = 0,  
( )

( ) ( )
1

1 02
1

1

M ,

f M ,
c =

η
κ η

−
 

0 1
0 0u , uξ ξ= =

′ ′= =  

( ) ( )
( ) ( ) ( ) ( ) ( )

0 1

1 0 1 1 0 1
1

f M ,

f f M , f M ,
c =

η

η η

−
 ′ ′−  

 

( ) ( )
( ) ( ) ( ) ( ) ( )

0 1

1 0 1 1 0 1
2 = f M ,

f f M , f M ,
c

η

κ η η

′−
 ′ ′−  

 

0 1
0 0u , uξ ξ= =

′ = =  
( ) ( )
( ) ( )
0 1

0,11

-f M ,η

f η M
1c = ,  

( ) ( )
( ) ( )

- 0 1,

0,1
1

2 =
f M η

f η M
c

κ

′
 

 
Next example concerns the rod which cross-section area is described by func-

tion ( ) ( )1
n

A ξ αξ= + . In this case the Green’s function has the form [4]: 

( ) ( ) ( ) ( ) ( )1 2 SG , A c J z c Y z G ,γ
υ ξ υ ξξ η ξ ξ η = + +      when υ∈ Z   (18a) 

( ) ( ) ( ) ( ) ( )1 2 SG , p c J z c J z G ,γ
υ ξ υ ξξ η ξ ξ η− = + +      when υ∉ Z    (18b) 

Function GS(ξ,η) can be written as: 

( ) ( ) ( ) ( ) ( ) ( ) ( )1
0 02SG , M J z Y z p J z Y z Hγ

υ ξ η υ υ υ ξ ηξ η ξ η ξ η−
− − = − − −   

   when υ∈Z     (19a) 

( ) ( ) ( ) ( ) ( ) ( ) ( )1
0 02SG , M J z J z p J z J z Hγ

υ ξ η υ υ υ ξ ηξ η ξ η ξ η−
− − − − = − − −   

   when υ∉Z     (19b) 

where: ( )ξz = z ξ , ( )ξ -ηz = z ξ - η , ( )0 0z z= , ( )1 1z z= , α = const. and 

( )4
=M sin

α υπ
π

. Values of coefficients c1 and c2 depend on the boundary condi-

tions. For example, coefficients for rod clamped at left end (
0

0
ξ=

G = ) and free at 

the right end (
=1

= 0
ξ

G′ξξξξ ) for υ∉Z  are: 

− − 
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 0 3
1

1

-υJ (z )N
c =

D
,     0 3

2
1

υ
-J (z )N

c =
D

 

For a free-free rod (
0 1

0
ξ= ξ=

G = G =′ ′ξ ξξ ξξ ξξ ξ ), c1 and c2 have the form: 

 2 0 3
1

2

N (z )N
c =

D
,      1 0 3

2
2

-N (z )N
c =

D
 

where: 

( ) ( ) ( ) ( )2
1 0 0 1 1 0 2 1

- υ
υ -υD = z M J z N z - J z N z   ,  

( ) ( ) ( ) ( )2 1 0 2 1 1 1 2 0D M N z N z N z N z=  −   , 

( ) ( ) ( )( ) ( ) ( )1 1 1
3 1 1 1 0 0 1 1 1 1 0 1 12N z z z z J z J z J z J z N zυ υ υ υ

η η υ υ η υ η υ η
− + − − − +

− − − − − + − −
 = − −
 

,  

( ) ( ) ( ) ( )1 1 12N J J Jυ υ υε υ ε ε ε ε− − − − += +  −   , 

( ) ( ) ( ) ( )2 1 12N J J Jυ υ υε υ ε ε ε ε− += +  −       for { }0 1 1, ,z z z ηε −∈ . 

Conclusions 

The paper presents exact solution to the problem of longitudinal vibrations of  
a system of non-uniform rods connected by double spring-mass elements.  
The solution can be used in numerical investigation of vibration of the considered 
systems. The Greens functions corresponding to the differential operators occuring 
in differential description of the rods vibration are presented. The presented 
method can be applied to solve the vibration problems of systems consisting many 
non-uniform rods coupled by many discrete elements. 
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