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Abstract 
The paper presents a stochastic approach to strategic optimization of public debt 

management in Poland, aimed at minimization of two criterions: servicing costs  
of the debt and costs resulting from stochastic budgetary constraints. The main results 
comprise: formulation of the problem, determination of necessary components 
(parameters, forecasts, etc.) and the method of problem solution. The results show  
the complexity of the problem and gains from its implementation (budgetary savings).  
The paper is based on research conducted in Polish Ministry of Finance [6]. 
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Introduction 

Decision problems, which appear in optimization of public debt ma-
nagement, are typically of stochastic nature. Their main stochastic components 
are: forecasts of interest rates and constraints of budgetary requirements. Risk 
resulting from interest rates is discussed broadly in the literature (see e.g. [1], 
[2]). The random character of budgetary requirements is of similar importance, 
because changes of their level together with the non-linear form of the criterion 
function and constraints can influence optimal solutions in unexpected ways. 
The range of methods, which take into account the stochastic form of the 
constraints, is quite extensive. However, some empirical limitations, e.g. 
computation time, mathematical complexity, knowledge of necessary functions, 
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parameters, etc., limit the feasible set in this area. The approach used in the 
paper combines mathematical simplicity with the main features of the actual 
problem. It exploits the idea of goal programming with stochastic constraints 
expressing budgetary requirements. The constraints indicate surplus or deficit, 
which result in certain costs. They are incorporated into the criterion function 
together with servicing costs of the debt. The random constraints generate 
additional decision variables and increase the size of the problem − pro-
portionally to the sizes of sets of values of the random variables. 

The aim of this paper is to present a complete solution of the stochastic 
problem based on empirical data, i.e.: the formulation of the task, an algorithm 
for its solution and empirical results. 

The paper consists of five sections. The main results – formulation  
of optimization problem, determination of its components (i.e. functions, 
parameters, forecasts) and empirical results (an example of optimal solution)  
are presented in Sections 1-3. The last section summarizes the results.  

1. Formulation of optimisation task 

The problem examined in the paper can be stated as follows: 
To determine the optimal portfolio of treasury securities (bonds): 

− aimed at minimizing of the criterion function comprising: servicing costs  
of securities and costs of deficit/surplus resulting from stochastic constraints  
of budgetary requirements – in three years period, 

− under constraints on: risk level and other features of the debt. 
The optimization task for the problem can be formulated as an extension  

of the deterministic approach [5], i.e. without costs of deficit and surplus, 
resulting from stochastic budgetary requirements. The deterministic task, 
formulated for the set of bonds issued in Poland (in the year 2001), can be 
written as follows (with budgetary constraints only): 
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where: 

xit  (i=1, ...,κ; t=1, 2, 3) − sale of i-th bond in year t – decision variable, 
κ – number of bonds issued, 

)()( xd it
it  − average discount of i-th bond corresponding to sale level xit, 

)()( xit
itϕ  − compound rate of return (CRR) of i-th bond, corresponding to sale 

level xit  (8 – years investment horizon), 
Αt  − budgetary requirement (in capital constraint), in year t, 
M − nominal value of one bond (1000 of Polish zlotys). 
 

The set of bonds issued in 2001 comprises three fixed rates bonds (two-
years – x t1 , five-years – x t2 , ten-years – x t3 ) and one ten-years variable rate 
bond x t4 . The constraint (4) includes the term xM 11 , which reflects  
the amount of redemption of the two-year bond, issued in the first year of the 
period; it increases budgetary requirements in the third year. The investment 
horizon (8 years) in compound rate of return [4] has been determined as  
a median in redemption schedule; it is clear that the median exceeds  
the optimization period (three years). 

Stochastic level of budgetary requirements indicates the replacement  
of the vector [ ]ΑΑΑ= 321

' ,,A  (symbol A'  – means transposed vector) with  
the vector of random variables [ ]ΛΛΛ= 321

' ,,Λ . The distribution functions  
of the variables Λt  (t=1, 2, 3) can be written in the form: 

pAP trtrt ==Λ )(           )1;...,,1( ≥= ssr tt ,          ∑
=

s

r
tr

t

p
1

=1, (6)

where: 

Atr  (t=1, 2, 3; r=1, …, st ) − an element of the value set of the random variable 
Λt ; at least one value )31( ≤≤ tst  satisfies 

2≥st . 
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The random variables Λt , incorporated into the constraints (2) – (4), 
indicate the possibility of discrepancy in capital constraint, i.e. the realization  
of the random value Atr  can be different from the deterministic value Αt .  

The case when ∑ −
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κ
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it xdMx  is lower than the actual capital 

requirement means deficit, while the opposite case, surplus. These situations 
can generate some costs; deficit – the necessity of extra borrowing under higher 
rates, surplus – the necessity of deposits with rates lower than the profitability  
of bonds issued. For simplicity, the costs of deficit and surplus are assumed 
constant (for any level and structure of bonds issued in year t). Moreover,  
it is assumed that: 

γ t , 0≥η t , (7)

0>+ηγ tt , (8)

where: 

)3,2,1( =ttγ  − cost of deficit, 
)3,2,1( =ttη  − cost of surplus. 

 
The variables expressing deficit ytr  and surplus ztr , included in a set  
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The cost resulting from the deficit ytr  is equal to ytrtγ , while the cost resulting 

from the surplus, to ztrtη . Each of the values ytr  or ztr  appears with  
the probability ptr  and therefore the expected value of the cost of incorrect 

capital level equals )(
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. This expression is added to  

the criterion function (1) as the second criterion. It is clear that the terms 
expressing the costs of deficit and surplus have to be compatible with the term 
expressing servicing costs of the debt. Therefore the costs of deficit and surplus 
have to be precisely determined − also with the possibility of different values  
of individual levels of budgetary requirements. 
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The random level of budgetary requirements implies modifications  
of the feasible set of the task (1)-(5); the differences: zy trtr −  are added to left 
hand sides of the inequalities (2)-(4). It is also reasonable to include the costs 
resulting from the deficit and surplus into constraints for servicing costs  
of the debt. Taking into account the modifications, the task (1) – (5) assumes 
the form: 
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( ytr , ztr  − defined in (9), (10)). 

Additionally, the stochastic task generates 2 ∏
=

3

1t
ts  variables and con-

straints. Thus, the complexity of the stochastic task increases in comparison 
with the deterministic one. 

2. Determination of components of stochastic task 

The parameters and functions necessary to formulate the numerical form  
of the problem (11) – (15) comprise: 
a) the probability functions of the random variables Λt , 
b) the rates γ t , η t , 

c) the functions )()( xd it
it  and )()( xit

itϕ , 
d) feasible sets (intervals) for decision variables xit . 

The functions )()( xd it
it , )()( xit

itϕ  and the feasible intervals appear also  
in the deterministic form of the problem. 
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2.1. Parameters of stochastic constraints 

The parameters of stochastic constraints together with the cost of deficit 
and surplus are of crucial importance for empirical results. They are typically 
determined on the basis of experts opinions or with the use of statistical 
methods (probability functions, forecasts). The parameters, costs and functions 
have been determined in the following way: deficit rates – on the basis  
of compound rate of return of bonds from previous years, surplus rates – on the 
basis of credit and deposit spread. The values of these parameters are presented  
in Table 1.  

The probability functions of budgetary requirements have been de-
termined on the basis of budget realizations from previous years. The number  
of possible levels of the requirements has been assumed to be three in each year  
– minimal, medium and maximal – with the same probability of each level  
in consecutive years (see Table 2). Such a number allows to avoid a large size  
of optimization problem (number of variables and constraints). The number  
of levels of the requirements can be increased, if necessary. 
 

Table 1 
 

Rates of shortage and surplus 

 2002 2003 2004 

Rate of shortage 0,1011 0,1004 0,0952 

Rate of surplus  0,0101 0,0100 0,0095 

 
 

Table 2 
 

Variants of budgetary requirements in the years 2002–2004 and their probability functions 

Year Variant I (r=1) Variant II (r=2) Variant III (r=3) 

2002 61 719 000 000 63 719 000 000 59 719 000 000 
2003 60 596 000 000 62 696 000 000 58 496 000 000 
2004 56 554 000 000 58 854 000 000 54 254 000 000 

Probab. function 0,5 0,3 0,2 
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2.2. Forecasting of CRR functions 

The compound rate of return of treasury bonds (symbol )()( xit
itϕ  

(i=1, …, 4) in the formula (11)) assumes a nonlinear form, with parameters 
determined by the results of the auctions [7]. The prediction of the functions  
is not an easy problem; the method used in the paper rests on two basic 
assumptions:  
− there exists a typical shape (pattern) of the function of each type of bond, 
− the forecast of each function )()( xit

itϕ  (i=1, ..., 4; t=1, 2, 3) can be 
expressed as the product of the pattern and the forecast of interest rate  
in the year t=1, 2, 3. 

Thus, the forecast of each function has been obtained in the following 
way: 
− to predict interest rates for the years t=1, 2, 3, 
− to determine the pattern of compound rate of return of each bond, 
− to determine the product of rate and product of each bond, with adjustment 

to expected demand level (for details see [6]). 
The patterns of compound rate of return have been determined on the 

basis of data from previous years, with the use of two methods of classification: 
the first one – based on a statistical pairwise algorithm [3] and the second  
− based on the Kohonen neuronal network (SPSS Neuronal Connecting® 2.2 
has been used). The empirical results of both approaches are similar. 

It is clear that the components of the stochastic task, based on estimates, 
forecasts and experts’ opinions, include imprecise variables. Such variables 
require careful analytical research, because they can influence significantly  
the optimal solution. However, the application of such data does not weaken  
the practicability of the optimization approach. The optimal solution provides  
a broad set of information for decision maker, especially resulting from  
the properties of the criterion function and constraints. The results of optimi-
zation can be applied in other decision models, e.g. ones based on game theory 
[7]. 

It should be stressed that the optimal solution of a stochastic task is not 
comparable with the deterministic one, because of difference in assumptions; 
the deterministic solution does not take into account costs of surplus and deficit 
and is solved for one level of budgetary requirements. 
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3. Empirical results 

The example presented in this section is based on actual functions  
and empirical data. 

Each component )())(( )()( xxM-dx it
it

it
it

it ϕ  (i=1, …, 4) of the criterion 
function is non-linear and non-convex (for 8-year investment horizon), but  
it is convergent to a convex piecewise linear function under weak conditions 
([7], Chapter 4). Empirical researches shows that the polynomial approximation 
obtained with the use of the least squares method provides a convex form of the 
approximated components and appropriate precision. The functions expressing 

capital of bonds, i.e. ))(( )( xM-dx it
it

it , are piecewise linear concave functions. 
They can be also approximated in the same way. An alternative approach  
is to approximate the components of the criterion function with the use  
of a piecewise linear function, without approximation of capital constraints. 
However, this increases considerably the number of decision variables  
of the task, which typically includes non-linear constraints that make the 
solution of the problem more complicated. Therefore, a polynomial approxi-
mation, indicating a moderate number of variables, has been applied. The pa-
rameters of the approximated criterion function (polynomial form) are presented  
in Table 3. 
 

Table 3 
 

Parameters of polynomial approximations of the criterion functions  
for Polish treasury bonds (2002 year) 

Type of bond 
Power  

of polynomial 2-year (x1t) 5-year (x2t) 10-year (fixed rate) (x3t)
10-year (variable rate) 

(x4t) 
0 (constant) 1474,20 -6023,09 692,43 -273959,70 

1 79,20 91,52 77,88 100,46 
2 1,17 2,01E-08 2,69E-08 × 
3 -2,06E-15 -2,89E-15 -5,81E-15 × 
4 2,31E-22 2,69E-22 1,57E-21 × 
5 -1,53E-29 -1,51E-29 -3,43E-28 × 
6 6,32E-37 5,31E-37 5,19E-35 × 
7 -1,67E-44 -1,16E-44 -4,93E-42 × 
8 2,85E-52 2,54E-52 2,77E-49 × 
9 -3,01E-60 -1,13E-60 -8,39E-64 × 

10 1,79E-68 3,53E-69 1,05E-64 × 
11 -4,61E-77 × × × 
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The approximated form of the task can be written as follows: 
− the criterion function: 
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 − variable xit to the k-th power, 
aitk  − polynomial coefficient of the variable itx  in the k-th power, 
mit  − the degree of the polynomial for the variable xit, 

 
− the constraints: 

− intervals for decision variables: 

xit
min ≤ xit ≤ xit

max  (i =1, ..., 4; t=1, ..., 3), 

values xit
min  and xit

max  (in thousands) in the table below, 
 

 x t1  x t2  x t3  x t4  

)3,2,1(min =txit  20000 30000 5000 1100 

)3,2,1(max =txit  35000 50000 12000 2000 

 
− budgetary requirements for the individual values of surplus and shortage 
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66 754 000 000, 

where: 

bitk  − coefficients of polynomial (similar as aitk in the criterion function), 

nit  − a power of the polynomial for the variable xit  (from the range 9 – 11 
for the individual variables), 

− servicing costs (in the years 2003 – 2006): 

85 x 1,2 +60 x 1,3 +112,5 x 1,4 +0,5(0,1011 y 1,1 + 0,0101 z 1,1 ) + 0,3(0,1011 y 2,1 +  

0,0101 z 2,1 ) + 0,2(0,1011 y 3,1 + 0,0101 z 3,1 ) ≤ 21 000 000 000, 

1000 x 1,1 + ∑
=
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0
1,1,1,1

k

k
k xb +85 x 1,2 +60 x 1,3 +104,1 x 1,4 +85 x 2,2 +60 x 2,3 + 

104,1 x 2,4 + 0,5(0,1004 y 1,2 + 0,01 z 1,2 ) + 0,3(0,1004 y 2,2 + 0,01 z 2,2 ) + 

 + 0,2(0,1004 y 3,2 + 0,01 z 3,2 ) ≤ 27 000 000 000, 

1000 x 2,1 - ∑
=
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k

k
k xb +85 x 1,2 +60 x 1,3 +98,3 x 1,4 +85 x 2,4 +60 x 2,3 +98,3 x 2,4 + 

+85 x 3,2 +60 x 3,3 +98,3 x 3,4 +0,5(0,0952 y 1,3 + 0,0095 z 1,3 ) + 0,3(0,0952 y 2,3 + 0,0

095 z 2,3 ) + 0,2(0,0952 y 3,3 + 0,0095 z 3,3 ) ≤ 31 000 000 000, 

− the share of fixed-rate bonds in the total sale of bonds in each year: 

0,75 ≤ ∑
=

3

1i
itx / ∑

=

4

1i
itx  ≤ 0,985                (t=1, 2, 3), 
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− the share of variable-rate bonds in the total sale of bonds in each year: 

0,015 ≤ x t4 / ∑
=

4

1i
itx ≤ 0,25                (t=1, 2, 3), 

− average maturity of bonds issued in each year: 

3,5 ≤ (2 x t,1 +5 x t,2 + 10( x t,3 + x t,4 )) / ∑
=

4

1i
itx  ≤ 5,4                 (t=1, 2, 3), 

− average duration of fixed rate-bonds issued in each year:  

3,0 ≤ (2 x1, t +4,2 x2, t +7,5 x3, t )/∑
i= 1

3

xit  ≤ 4,3                (t=1, 2, 3), 

− constraint of the expression including semivariance and semicovariance 
matrix (see Klukowski 2003, chapt. 6): 

005,0]',,,[],,,[ ,4,3,2,1,4,3,2,1 ≤zzzzzzzz tttttttt Q                 (t=1, 2, 3).  

The numerical solution of the stochastic task has been obtained with  
the use of solver procedure from Excel system. The value of the criterion 
function corresponding to the optimal solution equals 18 673 631 500;  
the optimal values of variables are presented in Table 4 (sale of bonds)  
and Table 5 (shortage and surplus). Servicing costs of the debt assume  
the values (in the period from 2003 to 2006 respectively): 18 862 224 981; 
22 116 427 533; 22 354 043 699; 22 247 884 741. The values of the remaining 
constraints are presented in Table 6. 

Summary and conclusions 

The paper presents an application of the multiple criteria optimization 
approach in the area of public debt management, under assumption about 
stochastic constraints of budgetary requirements. 

The “quality” of debt management with the use of optimisation tools 
exceeds significantly the “traditional” approach. In particular, it provides 
budgetary savings, increases transparency of the decision process, reduces 
employment costs and speeds up decisions. Moreover, experience shows that 
computation time (with the use of solver procedure from Excel worksheet)  
is acceptable for the assumed task size (number of variables and constraints).  
It seems possible to solve more complex tasks – without simplifications made  
– e.g. aggregation of bonds in a one-year period. However, up to now,  
the optimisation approach has not been applied in Poland. 
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Table 4 

 
Optimal solution of the stochastic task (sale of bonds) 

Absolute values  
in the year 

Relative values (%)  
in the year Type of the bond 

2002 2003 2004 2002 2003 2004 
2-year bond (x1t) 20000 35000 35000 27,1 46,4 38,3 

5-year bond (x2t) 45820 31328 43957 62,2 41,5 48,0 

10-year (fixed) bond (x3t) 6770 8030 10520 9,2 10,6 11,5 

10-year (variable) bond (x4t) 1105 1139 2000 1,5 1,5 2,2 

 
 

Table 5 
 

Values of shortage )( ity  and surplus in the optimal solution itz  

2002 2003 2004 
Probability 

shortage surplus shortage surplus Shortage surplus 
0,5 0 0 0 2100 0 2300 
0,3 2000 0 0 0 0 0 
0,2 0 2000 0 4200 0 4600 

 
 

Table 6 
 

Values of the remaining constraints in the optimal solution 

 Year 2002 Year 2003 Year 2004 
Share of fixed-rate bonds 0,985 0,985 0,978 
Share of variable-rate bonds 0,015 0,015 0,022 
Average maturity 4,72 4,22 4,54 
Duration 3,90 3,52 3,734 
Risk (quadric of semivariance 
and semicovariance matrix) 0,0039 0,0047 0,0042 
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