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Abstract. The work is a continuation of the method of calculating the determinant of the
block matrix in the three-dimensional case. In this article the symmetric polynomials are
used.
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Introduction
In this paper we return to the development of the determinant of the block
matrix in the 3D case. We express this determinant by the symmetric polynomials.
The considered problem concerns the effective formulas expressing the

symmetric polynomials of three groups of variables by the symmetric polynomials
due to each of these groups.

Solution of the problem

The heat flow in the 3D domain is described by the Fourier equation
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where / is a thermal conductivity, c¢ is a specific heat, p is a mass density and 7, x,
¥, z, t denote the temperature, geometrical co-ordinates and time.

Assuming the following difference quotients we get the differential
approximation of the second derivatives appearing in the equation (1)
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and the approximation of the first derivative of the time
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The internal iterations taking the following differential form
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The Finite Difference Method leads to the internal system of equations
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in each time step /.
The determinant of the matrix 45 [1]
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Symmetric polynomials in the 3D Fourier equation

where
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is given by the formula

n—1
detAd, = de{Al” —[ | j

In the formula (7) we have

and
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We consider only the standardized case (b, = 1 in [2]) with the condition det 4, #0.

We apply the polynomials
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fof degree n
n n-1 n-2 n-2 n—4 _
f(x)zx —[ : ]x +[ 5 ]x - = a2
=(x=p)(x=p2)(x=p) (3=,
g of degree p
P _ p-l p-2 p-2 P4 _
s0)=y [ 1 jy { 2 jy o (13)

=(r-a)(r-a:)(y-a:)(v-1,)

and then we obtain

det 4, =det] (4, - q,1,)(4; ~ 4.1, ) (4: 4.1, )+ (4: —q,1,) =
=det(4, —q,I,)-det(4, —q,1,)-det(4, —g;I,)-...-det(4, - q 1, ) =

W (1) Wi (42) Wi (43) Wi(a,)
=det| 4, ~(p,+,)1, |-det| 4, ~(p, +q.)1, |--..-det| 4, = (p, +q,)1, |- (1)
Wy (pr+a1) Wy (pi+42) Wy (pi+a,)

SO

detd,=(4, Ay d,) " W (15)
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where S; (the first symmetric polynomial of the indicated above variables) is equal
to

S, = Z pﬂ—"_q;/:

1<a<m ﬂ“a
1<8<n
1<y<p
=np L+L+...+L pitpytetp, g tg,ttq, |= 17)
ﬂ‘l /12 /Im

@ m

T
_ m—1
=np . T@y 1],

m

(7,=1, (ﬂl, Aysers A, ) - fundamental symmetric polynomials 1< j <m).

The other symmetric polynomials S,, ..., S,,.1 we calculate from the Newton for-
mulas [3].
Next we calculate S,

O o) =1 (st o) (1

S, =— :

2

o, O

where o, =S, and o, is the power polynomials of degree 2.
We have

1 1 1
O'2 =np 74’74’...4‘7
1 2 m

2

|:(p1 +q1)2 +...+(pn +q1)2 +(p1 +q2)2 +...+(pn +q2) +... (19)

1 1 1 ~
+(p, +61p)2 +..+(p, +qp)2]=np[7f+7§+...+7J-az

where
G, :p(pf +...+p§)+2(pl +...+pn)(q1 +...+qp)+n(qf +...+qi,) 0)
= p(@] —20,)+20,n, +n(n; -27,)

and finally
Szzé(Sf—az):
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The last component of expression W is equal to

mnp
1 m m
Smnp:(m] [(pl-i-ql) "'-'(pn+‘J1) .

'(pl +q2)’" ’---'(pn +q2)m ’--(pl +qp)m '---’(pn +qp)mj|=

(22)

z{mr’[(l’l+q1).....(pn+ql).(pl+q2).m.(pn+q2)_”

=(p1 +q1)-...-(pn +q1)-(p1 +q2)-...-(pn +q2)'(p1 +qp)-...-(pn +qp)=

b P, 2 P,
P P,

=(p1 -...-pn)n -<1+§1 +§2 +...+§mp)

and so

(24)

. . -1
Moreover, in equation (24) we assume j<FE [mp

2 j, because the following

property takes place [4]:
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For example

s (0 aa @ a4 4
mp-1 5 sees N seses 5 sees 5 sees
17] ljn 171 17n 171 17n

:S'l ﬂ’"” ﬂ’q_z” 2”‘]_17,,‘]_1’ "§m1) = (26)
P, P, P, D, D, D,
:7717—1 W 77? =77p—177T

Let us note also, that in calculating S ; the following sum appears

J J

(p1 +q1)] +...+(p” +q1) +(p1 +q2)j +...+(pn +q2)‘ +...

+(p1 +qp)j +...+(pn +qp)j =

:{pi’ +({Jp{'lql +...+q{}+...+{pﬁ +(ljjpnj—1ql + +‘Iil}'
+| p/ +({Jplj‘lq2 +...+q§}+...+{p,{ +[ljjpnj_lq2 +...+q§}+

1
o o ol
+n(q1j +...+q£)
%/_/
0-77

The power series polynomials o,” and o], 1<k,/<j, appearing in the above

expression are calculated in a known way with Newton's formulas [4]. For the cal-
culation of @, n and 7 we use the formulas from [4].
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According to the known method described in [4], we obtain the values

Z I G R T

(28)
N m—2\(m-4 a m-3\m-6 G
2 j—4 3 j—6
and
0 if k iseven
= —(k/2 29
Py K21 e ks odd %
k/2
(from the formula (12)) and
0 if [ iseven
= —(1/2 30
Ty P U2) i 1 s odd G0
12
(from the formula (13)).
Remark

The procedure given above constitutes a introduction to the general procedure
for calculating the determinants of the matrix block in the #-dimensional case. The
n-dimensional case will be considered in the next article.
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