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INTRODUCTION

Decision problems with conflicting objectives and multiple stages can
be considered as multi-objective dynamic programming problems. A survey
has been presented by Li and Haimes [4], more recently by Trzaskalik [9].
Another way of generalization single-criterion dynamic programming models
is to consider outcomes in partially ordered criteria set. Mitten [6] described
a method for solving a variety of multistage decisions in which the real value
objective function is replaced by preference relation. Sobel [7] extended
Mitten’s result to infinitive horizon for deterministic and stochastic problems.
Preference order dynamic programming was described by Steinberg and Parks
[8]. Henig [3] defined a general sequential model with returns in partially
ordered set. It is shown that Bellman’s principle of optimality [1] is valid with
respect to maximal returns and leads to an algorithm to approximate these
returns. Application of fuzzy logic to control started with the work written
by Bellman and Zadeh [2]. Many contemporary approaches in this field
are presented in Kacprzyk [5].

The present paper is devoted to investigate how triangular norms can be
applied in the discrete dynamic programming and is the continuation of our pre-
vious papers. Basic backward procedure was formulated in Trzaskalik and
Sitarz [11] and the forward procedure was worked out in Trzaskalik and Sitarz
[12]. In the next paper [13] we considered dynamic programming with
outcomes in fuzzy ordered structures. Fuzzy numbers and triangular norms were
considered there. Some other examples of ordered structures and products
of ordered structures were given in Trzaskalik and Sitarz [10; 14].

The paper consists of 4 sections. In Section 1 basic notation, backward
and forward procedure are reminded. In Chapter 2 a wide extension of the idea
of applying triangular norms to create ordered structures and 15 exemplary
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ordered structures based on triangular norms are given. Numerical analysis
for these structures is performed in Section 3. Some concluding remarks
are given in Section 4.

1. DYNAMIC PROGRAMMING IN PARTIALLY
ORDERED STRUCTURE

Discrete dynamic process P which consists of T periods is considered.
Let us assume that fort=1,...,T:

Y, is the set of all feasible state variables at the beginning of period ¢,
Y7+, is the set of all states at the end of the process,
Xi(y,) is the set of all feasible decision variables for period t and state y, Y.

We assume that all above sets are finite. Now let us define:

D, ={d, =, x):y: €Y, x, € Xy(y)} — thesetofall period realizations
in period ¢,

0 D, -»Y,+; — transformations.

Process P is given if sets Y}, ..., Y7+, Xi(v1),... Xr(yr) and transformations
,...,0r are identified.

Let us denote:

D={d=(d,...dy: Vici...1p Y1 =20, x) and xreXi(yy)} — the set
of all process realizations

D) ={(, x): x, € X,(y)} — the set of all realizations in period t which begin
at y,.

d(v,) = (v x,..., yn.x7) — the backward partial realization which begins at y,.

D@y ={d(): deD} — the set of all backward partial realizations, which

begin at y,.

D(Y,) = {D(,): y,€Y,} — the set of all backward partial realizations for Y.

d’0v) =0 x1,..., Vo1, X)) — the forward partial realization which ends at
V=201, Xe1).
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D’(y) ={d’(v): deD} — the set of all forward partial realizations, which
end at y,.

D’(Y) ={D’(y): y.€Yy} — the setofall forward partial realizations for ;.

(W, < °) — ordered structure with binary relation < and binary operator °
fulfilling following conditions:

View a <a (1)
Vivew a SbAab<a=a=b 2)
Vibeew a <bArb<c=a<c 3)
Vapeaw ao(boc) = (ash)ec )
Vibeew a <b = acc <bec A cea <cob (5

Relation < is defined as follows:
a<b&o asbaazb (6)
Applying relation < we define for each finite subset AcW the set
of maximal elements:
max(4) ={a" €d: ~F,o, a’ <a} @)
For t=1,..,T let (W, < °) be a sequence of ordered structures and

fi:D—W — a sequence of period criteria functions. Applying period criteria
functions f;, we define functions F,:D(Y,)—>W in the following way:

Fr=fr ®)
Fo=f ° Fiiy t=1T1-1,...,1 9
Functions G,:D’(Y,+;)—>W are built as follows:
G =/fi (10)
G =G °ui fi t=2,...T (11)
According to (11) we obtain:
F, =Gy (12)

Let F: D—>W be the function defined in one of the following ways:
F=F, (13)
F=Gr (14)
F is called the multiperiod criteria function. Discrete dynamic decision
process (P, F) is given if the discrete dynamic process P and the multiperiod
criteria function F are defined.
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Realizationd e D is efficient, iff:
F(d") € max F(D) (15)

Our problem is to find the set of all maximal values of the process, i.e. set
max F(D).

Theorem 1

Decision dynamic process (P, F) is given. For all =7-/,...,1 and all
y,€Y, holds:

max {F(D(v)} = max { f(d) o max(F (d(2(d)): dieDyv))  (16)
max{F(D)} = max {maxF;(d(y;): y; €Y;} (17

Proof. Trzaskalik and Sitarz (11).
Theorem 1 yields backward iterative computational method.
Backward Procedure

Step B;. Compute max{Fr(D(yr)} for all states yre¥r.

Step B; (for t=T-1, ..., 1). Compute max{F(D(y,)} for all states y,eY; applying
(16).
Step Br+1. Compute max{F(D)} applying (17).

Theorem 2

Decision dynamic process (P, F) is given. For all =2,...,T and all y,€Y,
holds:

max {G(D’(vi+1)} = max { max Gei(d’(v) ° filVs X): Qu(Vs X)) = yiest  (18)
max{F(D)} = max {max Go(d ' (yr+1)): yr+1 €Yr+1} (19)

Proof. Trzaskalik and Sitarz [11].

Theorem 2 yields forward iterative computational method.
Forward Procedure
Step F;. Compute max{G(D(y,)} for all states y, Y.

Step F. (for t=3, ..., T). Compute max {G,D’(y.+;)} for all states y,eY,
applying (18).

Step Fr.. Compute max{F(D)} applying (19).



TRIANGULAR NORMS... 247

2. FUZZY ORDERED STRUCTURES

As examples of fuzzy ordered structures we will consider triangular
norms and products of triangular norms.

2.1. Triangular norms

Function T : [0, 1] x [0, 1] — [0, 1] is called t-norm iff:

T(a b)=T(, a) (20)
T(a, T (b, c)=T(T(a b),c) (21)
a<a’Ab<b =>T(ab)<T(a,b’) (22)
T(a I)=a (23)

We denote:
[0,1]"=[0, 1] x..x [0, 1]
Each t-norm T may be extended to the function of n-arguments a',...,a"
T':/0, 1]" —/[0,1]
as follows:
T’ a’) = T(d'", a°) (24)
T(a], a, .., ai) =T( T'](a[, a, .., a”), ai)fori =2..n (25)
In the further considerations we will omit index n.

Let us consider the structure ([0,1]",<,T). It is easy to show,
that conditions (4) and (5) are fulfilled. Applying the definition of t-norms
(20) — (23) we see, that:

Vabeeor) T(a,T(b,c)) = T(T(a,b),c) (26)
Vabeey a <b = T(ac) <T(b,c) nT(ca) <T(cb) 27

It means, that such a triple constitute ordered structure.

2.2. Product of triangular norms

We denote:
a=lay,.., a,],b=[a, .. a,]
and define relation <™ as a product of standard relations <, i.e:
a<" b Vi ma<b; (28)

,,,,,
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Let T be the set of triangular norms. Function T =T;x...xT,, is defined as
the product of triangular norms T,,...,T,,eT, iff:

Vases)” T(ab) = [Ti(a,by),..., Tu(@n bu)] (29)
Applying formulas (24) and (25), each product of triangular norms T may
be extended to the function of n-arguments a'=[a,’,....an'], ..., a"=[a,",...,an"]:
7":/0, 1]™" —=[0,1]"

Again in the further considerations we will omit index n.

mxn m
, <

Let us consider the structure ([0,1] ,T). It is easy to show,
that conditions (4) and (5) are fulfilled. It means, that such a triple constitutes
ordered structure.

2.3. Examples of ordered structures applying
triangular norms

We will consider the following t-norms:

Ti(a, b) = max {a+b -1, 0}, (Lukasiewicz) (30)
min {a,b}, if max {a,b}=1
Tz(a,b)z{ . , (weak) (31)
0 otherwise
Ts(a, b) = ab, (probablistic) (32)
Tu(a, b) = min {a, b}, (minimum) (33)

and define following ordered structures:

Structure S;:
Structure S,:
Structure Ss:

Structure Sy:

(10, 1], < T)
(10, 1], < T3)
(10, 1], < Ty)
(10, 1], < Ty

Structure S»: (/0. 1], <, T1») T,=T xT,
Structure Sis: /0, 1], <, T13) T;=T xT;
Structure Sy4: ([0, 1], < T.) Ty=T, xT,
Structure Sy ([0, 1], <, Toy) Tos =Ty x T

Structure Sy (/0. 1], <, Tz,

T24:T2XT4



TRIANGULAR NORMS... 249

Structure Ss4: ([0, 1], <, Tsy) Ty =T; xTy

Structure Spp3: ([0, 1], <, T)23) Tis=T; xT5 xT;
Structure Spog: ([0, 1], <, T2y Toy=T; xT> xT,
Structure S;s4: (/0. 1], <, T13) Ti30=T;, xT; xTy
Structure Sjz4: (10, 1], <, Tz, Ty =T xT; xTy

Structure S]234Z ([0, 1], 54, T1234) T1234:T1XT2 XT3 XT4
These structures will be used in numerical analysis, performed below.

3. NUMERICAL ILLUSTRATIONS

We consider a dynamic process which consists of 3 periods [7=3].
We have:

Y, = (0,1}, for tefl, 2,3 4)
X(v) =Y, for tefl, 2,3} and y, €Y,
QW x) =x, for y,eY, and x, € X(y)

The sets of period realizations for t = 1,2,3 are as follows:

D, ={(0,0),(0, 1), (1,0), (1, )}

The values of period realizations are listed below:

(0, 0) = 0,35 £(0,0) = 0,5 £(0,0) = 0,5
fi(0, 1) = 0,93 20, 1) =1 £:(0, 1) = 0,65
fi(1,0) =03 (1, 0) = 0.8 fi(1,0) = 0,6

fi(l, 1) = 0,85 (1, 1) = 0,82 fi(l, 1) = 0,61

The structure of the process and the values of period criteria are shown
in Figure 1.
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Fig. 1. The graph of the process

The sets of all realizations in period t which begin at y, are as follows:
Dy(0) ={(0,0), (0, 1)}
D(1) ={(1,0), (1, 1)}

The sets of backward partial realizations are as follows:
D(ys;=0) ={(0,0), (0,1);
D(ys = 1) ={(1,0), (1,1)}
D(y,=0) ={((0,0), (0,0));  ((0,0), (0,1)); ((0,1), (1.0));  ((0.1), (1,1))}
D(y;=1) ={((1,0), (0,0); ((1,0), (0,1)); ((1.1), (1,0)); (1,1, (1.1))}

D(y;=0) = {((0,0), (0,0), (0,0);  ((0,0), (0,0), (0,1));
((0,0), (0,1), (1,0); ((0,0), (0.1), (1,1);
((0,1), (1,0), (0,0); ((0,1), (1,0), (0,1);
(0.1, (1,1), (1,0); (0.1, (LD,(L1)}

D(y;=1) = {((1,0), (0,0), (0,0);  ((1,0), (0,0), (0,1));
((1,0), (0,1), (1,0); ((1L,0), (0.1), (11);
((1,1), (1,0), (0,0); (1,1, (1,0), (0,1);
(LD, (1,1), (1,0); (LD, (1L,D,(11)}

The sets of all backward partial realizations are as follows:
D(Y;) =D(y; =0) UD(y; = 1)
D(Y3) =D(y:=0) uD(y: = 1)
D(Y;)) =D(y;=0) UD(y; = 1)

The set of the realizations of the process can be presented as:
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D =D(Y))

The sets of forward partial realizations are as follows:
D’(y;=0) ={(0,0); (1,0)}
D'(y;=1) ={(0,1); (1,1)}

D’(ys =0) ={((0,0), (0,0); ((0.1), (1,0)); ((1,0), (0,0));  ((1.1), (1,O))}
D'(ys =1 ={((0,0), (0,1));  ((0.1), (1,L1));  ((1,0),(0,1));  ((1,1), (1,1))}

D'(ys=0) = {((0,0). (0,0), (0,0);  ((0,0)., (0,1), (1,0));
((0.1), (1,0), (0,0));  ((0,1), (1,1), (1,0));
((1,0), (0,0), (0,0));  ((1,0), (0,1), (1,0);
((1,1), (1,0), (0,0)); (1,1, (1,1).(1,0))}

D'(ya=1) = {((0,0), (0,0), (0,1));  ((0,0), (0,1), (1,1));
((0,1), (1,0), (0,1)); (0,1, (1,1), (1,1));
((1,0), (0,0), (0,1)); ((1,0), (0.1), (1,1);
(LD, (1,0), (0,1)); (LD, (LD,(LD)}

Let us consider process realization d = (d;, d,, d3). According to formulas
(8) and (9) we have:
Fs(ds) = f3(d3)
Fy(dy, d3) = Ti(f2(dy), F3(d3)
Fi(dy, d, d;) = Ti[fi(d), (Fx(d>, d3)]
F(d) = F.(d,, d3, d3)
The same result we will obtain applying formulas (10) and (11):
Gi(d) =fi(d)
Go(d), d5) = Ti[F:(d), fo(d5)]
Gs(d), dy, d5) = Ti[Fx(d,, dy), f3(d3)]
F() = Gs(d,, d, ds)
At the beginning we will consider ordered structures S; — S4. The process

is a single criterion maximization problem now and we will apply norms T; — T,
as the operators.
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Let us look at the numerical computations applying formulas (8) and (9)
for subsequent norms T;— T4 and the process realization d = [(0, 0), (0, 0),

(0, 0)].
For the norm T; we obtain:

Fs(ds) = F5(0, 0) = f5(0, 0) = 0,5
Fa(ds, d3) = Ti(f(0, 0), F(0, 0) = T;(0,5, 0,5) = max {05+ 0,5 —1, 0} = 0
F](d], dz, d3) = ij(dj), Fz(dg, dj)) = T1(0,35, 0) = max (0,35 +0- ], 0} =0

For the norm T, we obtain:
Fs(ds) = F5(0, 0) = f5(0, 0) = 0,5
Fi(d>, d3) = Tx(f2(0, 0), F5(0, 0)) = T>(0,5, 0,5) = 0
F[(d], dz, dg) = sz(d]), Fg(dg, d3)) = T2(0,35, 0) = 0

For the norm T; we obtain:
Fs(d;) = F5(0, 0) = f3(0, 0) = 0,35
Fy(d,, ds) = T5(f>(0, 0), F5(0, 0)) = T50,5, 0,5) =0,5 -0,5=1025
F](d], dg, dg) = T3ﬁ[(d1), Fz(dg, d3)] = T](0,35, 0,25) = 0,875

For the norm T, we obtain:

Fs(d;) = F5(0, 0) =f3(0, 0) = 0,35
Fy(d,, d;) = T,ff>(0, 0), F5(0, 0)] = T4«0,5, 0,5) = min {0,5, 0,5} = 0,5
F](d], dg, d3) = T4m(d1), Fg(dg, d3)) = T4(035, 0,5) = min {0,35, 0,5} = 0,35

We can continue computations for the next realization of the process.
The results are gathered in Table 1.

Table 1

Values of multiperiod criterion function

F(d)
d
(0,0, 0,0, 0,0) 0 0 0,09 0,35
(0,0, 0,0, 0,1) 0 0 0,11 0,35
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F(d)
d T, T, T, T,
(0,0, 0,1, 1,0) 0 0,35 021 035
0,0,0,1, 1,1) 0 0,35 021 035
(0,1, 1,0,0,0) 0,23 0 0,37 0,50
0,1,1,0,0,1) 033 0 0,45 0,60
0,1,1,1,1,0) 035 0 0,46 0,60
0,1, 1,1,1,1) 0,36* 0 0,47* 0,61
(1,0, 0,0, 0,0) 0 0 0,08 0,30
(1,0,0,0, 0,1) 0 0 0,10 0,30
(1,0,0,1, 1,0) 0 03 0,18 0,30
(1,0,0,1, 1,1) 0 0,30 0,18 0,30
(1,1, 1,0, 0,0) 0,15 0 0,34 0,50
(1,1, 1,0,0,1) 0,30 0 0,44 0,65*
(1,1, 1,1,1,0) 027 0 0,42 0,60
(L1, 1,1, 1,1) 0,28 0 0,43 0,61

The best realizations in the considered ordered structures are marked
in the Table 1.

Instead of inspection process, the methods described in Section 2 ensure
to obtain optimal solutions. We will apply the backward method.

Step B,

max {F5(D(ys = 0)} = max {Fs(0,0), F5(0,1)} = max {0,5, 0,65} = 0,65
max {F3(D(y; = 1)} = max {F3(1,0), F3(1,1)} = max {0,6, 0,61} = 0,61

Step B,

max F5(D>(0)) = max T;(f3(0,x,), max F3(D(y; = x,) =
= max {T(£,(0,0), max F5(D(0)), T;(f»(0,1), max F3(D(1))}
= max {T;(0,5, 0,65), Ty(1, 0,61) = max {0,15, 0,61} = 0,61

max F,D,(1) = max T(f;(1,x;), max F3(D(y; = x;) =
= max {T(f,(1,0), max F5(D(0)), T (fx(1,1), max F3(D(1))}
= max {T,(0,8, 0,65), T,(0,82, 0,61) = max {0,45, 0,43} = 0,45
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Step B;

max F{(D(0)) = max T,(f;(0,x,), max F»(D(y, = x;) =
=max {T(f,(0,0), max F»(D(0)), T;(f;(0,1), max F,(D(1))}
=max {T;(0,35, 0,61), T,(0,93, 0,45) = max {0, 0,38} = 0,38

max FzD(l) = max Tl(fz(l,Xz), max F3(D(Y3 = Xz) =
=max {T(fi(1,0), max F»(D(0)), T,(fi(1,1), max F»(D(1))}
— max {T1(0,3, 0,65), T:(0,85, 0,45) = max {0, 0,30} = 0,30

Step B4
max {F,(D(0), Fy(D(1)} = max {0,38, 0,30} = 0.38

Now we will consider multicriteria processes based on the next ordered
structures, described in Section 2.3. We will assume that we have two, three
or four criteria and the value for all the period criteria are the same for a given
realization. For instance, in the four criteria process and the ordered structure
Si234 fort=1,2,3 we have:

ﬁojl‘r xt) = [ftl(yt; xl)r ﬁz(yb xt)l ﬁ3(yb xl)’ ﬁ40}t1xt)]
and for a given period realization (y;, X,) it holds:
S 0ox) = 2 0ux) = %) =1 %)

We will apply forward and backward procedure for the considered
process in the structure S;;4. The consecutive stages of computations
in the forward procedure are given in Table 2, and for the backward procedure
—in Table 3.

Table 2

The forward method in the structure Si,34

Step max G(d(0)) max G,(d(1))
F; [0.35,0.35,0.35,0.35] [0.93,0.93,0.93,0.93 ]
[0.75, 0, 0.76, 0.82]
F, [0.73, 0, 0.74, 0.8]

[0.35, ,35, 0.35, 0.35]

0,035, 021, 035 [0, 0.35,0.21, 0.35 ]
F, [0,0.35,0.21,0.33] [0.3, 0, 0.44, 0.65 ]

[0.35, , 0, 0.46, 0.60] [0.36, 0,047, 0.61]
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Step max G,(d(0)) ‘ max G(d(1))

max F(D)
[0, 0.35,0.21,0.35 ]

Fs [0.3,0,0.44, 0.65 ]
[0.36,0,0.47,0.61 ]
Table 3
The backward method in the structure Sy34
Step max F(d(0)) max F(d(1))
B, [0.65, 0.65, 0.65, 0.65] [0.61,0.61, 0.61, 0.61]
[0.45,0,0.52, 0.65]
B, [0.61, 0,61, 0.61, 0.61]

[0.43, 0, 0.50, 0.61]

[0, 0.35,0.21, 0.35 ]
B; [0.3, 0, 0.44, 0.65 |
[0.36, 0, 0.47, 0.61 ]

Max F(D)
[0, 0.35,0.21,0.35 ]
[0.3,0,0.44, 0.65 ]
[0.36,0,0.47,0.61 ]

B,

We can consider this problem as mulitcriteria one. Every realization
is desribed by 4 numbers (for each T-norm). The efficient realizations obtained
by using one of forward or backward method are presented in Table 2.

Table 4

The efficient realizations (x)

Ordered structures

Si2 Si3 Sia Sa3 Sa4 Ssa | Sizs | Si2a | Siza | Sasa | Siona
(0,0, 0,0, 0,0)
(0,0, 0,0, 0,1)
(0,0,0,1, 1,0) X X X
(0,0,0,1, 1,1) X X X X X X X
(0,1, 1,0, 0,0)
0,1, 1,0,0,1)




276 Tadeusz Trzaskalik, Sebastian Sitarz

Ordered structures

SIZ Sl3 S14 SZ3 SZ4 S34 SIZ3 Sl24 Sl34 SZ34 S1234

(0,1, 1,1, 1,0)

0,1, 1,1, 1,1) | x X X X X X X X X X

(1,0, 0,0, 0,0)

(1,0, 0,0, 0,1)

(1,0,0,1,1,0)

(1,0,0,1, 1,1)

(1,1, 1,0, 0,0)

(1,1, 1,0, 0,1) X X X X X X X

(1,1, 1,1, 1,0)

(1,1, 1,1, 1,1)

CONCLUDING REMARKS

The considerations in the paper show that applying t-norms to discrete
programming models seems to be easy and natural. In the numerical examples
the number of efficient realizations was not large. The next step will be
to consider the possibility to apply the proposed methodology to model decision
makers’ preferences.
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