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1. Introduction

The classical heat conduction is based on the standard Fourier law and the para-
bolic heat conduction equation. The time-nonlocal dependence of the heat flux and
the temperature gradient with the “long-tail” power kernel [1-4] can be interpreted
in terms of fractional integrals and derivatives and results in the time-fractional
heat conduction equation

o°T
ot”

=aAT, 0<a<2, (1)

where T is a temperature, ¢ denotes time, A stands for the Laplace operator, a is an
analogue of the thermal diffusivity coefficient. The Caputo fractional derivative is
defined as [5-7]
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a i n
ZtZ:F(nl_a)J-( _T)n_a_l d T(nr)df’ n-l<a<n, )
0

with F(x) being the gamma function.

Fractional calculus (the theory of integrals and derivatives of non-integer order)
provides the appropriate mathematical tool for description of many phenomena in
physics, chemistry, biology, and engineering [8-15].

If volume heat absorption proportional to temperature occurs in a body, then in-
stead of (1) we get

o°T
ot”

=aAT -bT, 0<a<2, 3)

where the values of the coefficient » > 0 and » < 0 correspond to heat absorption
and heat release, respectively. The classical heat conduction equation with the ad-
ditional term proportional to temperature was considered in [16-18]. Similar equa-
tions appear in the theory of bio-heat transfer [19] and in the survival probability
[20]. Mathematical and physical aspects of fractional heat conduction equation
with heat absorption were studied in the literature in the case of one Cartesian co-
ordinate in [21-24]. In the present paper, we study the fundamental solutions to the
Cauchy problem and to the source problem for equation (3) in spherical coordi-
nates in the case of central symmetry. The obtained solutions generalize the results
of the paper [25], where the case b = 0 was considered.

2. The fundamental solution to the Cauchy problem

We consider the time-fractional heat conduction equation with one spatial vari-
able in spherical coordinate system

v 2
o°1(r.) _ (0°T(r.t) 2 07(r.1) —bT(r,1), )
Y or? r Or

where 0<r <o, 0<t<oo, 0<ax<2, a>0.
Equation (4) is considered under initial conditions

T(r,O):4Z(;25(—R), 0O<a<2, (5)
oTl0) oy yen. (6)

ot
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with &(r) being the Dirac delta function. For the sake of convenience and to obtain
the nondimensional quantities used in calculations, we have introduced the con-
stant multiplier p, in equation (5).
The zero condition at infinity is also imposed:
lim7'(r,£)=0. (7)

r—>e

To solve the Cauchy problem under consideration we use the integral transform
technique. The Laplace transform with respect to the time ¢ is defined as

LT =1"(s)= e T()ar (8)
0
with the inverse carried out according to the Fourier-Mellin formula
1 ctioo
L' {T*(s)}z T(e)=— |e"T"(s)ds, 9
2ri

where s denotes the transform variable, ¢ is a positive fixed number such that all
the singularities of 7" (i) lie to the left of the vertical line Res =c.

For the Laplace transform rule, the Caputo fractional derivative requires
the knowledge of the initial values of the function and its integer derivatives
of the order £=1,2,....n—1:

a n-1
L{d T(t)}ZSaT*(S)— Sa_l_kT(k)(0+), n—-l<a<n. (10)

de” =0

Applying the Laplace transform to equation (4) and taking into account the rule
(10) with the initial conditions (5) and (6) gives

- %
saT*(r,s)—sa_lLé'(r—R):a or (r,s)+28T (r=s) —bT"(r,s). (11)
4y’ or’ r  or

Next, we use the Fourier transform with respect to the spatial coordinate r in the
case of spherical symmetry [4, 26]:

FIT()=T(p)= \/7j Smr")) 3 (12)

= 1 \/7.[ sm rp) (13)
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{d (), 2dT(r)} 227 (p). (14)

dr’ r dr

Usually the Fourier transform (12)-(13) is used under the assumption of bounded-
ness of 7(r) at the origin (see, e.g., [18]); sometimes this assumption is substituted
by less restrictive condition prescribing a type of singularity of the function at » =0
(see, for instance, [27]).

Application of the Fourier transform (12) and formula (14) to equation (11)

leads to
~ 0o |2 sin(p R) 5%
T (p, . 15
% S) 471 T PR s*+ap’+b (2

Inversion of the integral transforms results in the solution:

Po

Tlr.1)= 27°Rr

Tsm(p R)sm(p r) [ (a,o2 + b)t“ ]dp, (16)

where E, (z) is the Mittag-Leffler function in one parameter o [5-7]

0

E,(z)= ZFWH) a>0, zeC, (17)

n=

and the following formula has been used:

L‘l{ s }zEa(—gt“). (18)

s+ g

Using the nondimensional quantities

al2 2 p3
=l p=Rp, o Yar b=k, TR (9
R R Do
one obtains the following solution:
T(F.x)== J-sm( ) sin(Fp) E [ (K po+ b)]d— (20)
0

For o =1 the Mittag-Leffler function E, (z) =e”, and from (20) we get

1_"(7, K)z%e‘b{]ze"‘zpz cos[ﬁ(?—l)] dﬁ—Te"(zpz cos[5(7+1)] dﬁ} . 2D

0 0
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Taking into account that [28]

S ey 8

2
exp cos(qx) dx = ﬁexp d ~. p>0, (22)
2p 4p

we arrive at the solution

T(F.x)= %e‘b {exp{— %} —exp {— %}} . (23)

In the particular case @ =1/2, the Mittag-Leffler function E,,(-x) can be
represented as [4]

E , x)—\/_‘[exp u —2ux) du, (24)
and the solution has the following form

uZ—ZuZ; _(7_1)2 _ _(7+1)2
erI {exp{ P— } exp{ P— du. (25)

The results of numerical calculations for x = 0.25, different values of 4 and the
order of the time-fractional derivative « are shown in Figures 1-5.

T(rrc

0.0

Fig. 1. The fundamental solution to the Cauchy problem for hb=0and 0<a<l



106 Y. Povstenko, J. Klekot

0.0

Fig. 2. The fundamental solution to the Cauchy problem for b=05
and 0< e <1

10 0.0

Fig. 3. The fundamental solution to the Cauchy problem for 7 =1,0<a <1
and 0<b <0.5
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2 ~05
Fig. 4. The fundamental solution to the Cauchy problem for & = 0.5 and
~05<b <05

-0.5

Fig. 5. The fundamental solution to the Cauchy problem for o =1
and —0.5<h <0.5
3. The fundamental solution to the source problem

Consider the time-fractional heat conduction equation with the source term

o 2
0 T(r”)za(a T(’;’)ﬁaT(””)J—bT(r,m—qO2 S(--R)5() (26)
ot” or r Oor 4rr
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under zero initial conditions

T(r,00=0, O<a<2, (27)
6Ta(’;’0)=0, l<a<2. (28)

Using the integral transforms technique, we obtain

f*(p,S)ZZ—:Z\/% sm(pR) 1 ‘ (29)

PR s +ap’+b

L‘l{ 1 }zt“‘lEa,a(—gt“), (30)

s“+g
where E, , (z) is the Mittag-Leffler function in two parameters & and S [5-7]

0

2"
anﬂ(Z)—Zm, (Z>O,IB>O, ZEC, (31)

n=0

the inverse transforms applied to equation (29) lead to

T(r.t)= 5 q2ORr ! Isin(p R) sin(p r)E(m [— (ap2 + b)t"‘ ]dp (32)
and
7, x) %Tsm (p) sin(7p)E,, , |- (25 +5 |dp . (33)
r

0

In this case, the nondimensional temperature is introduced as

T, 34)

and other nondimensional quantities are the same as in (19).
In the case a =1/2[4]

E1/21/2 = I exp u —2ux)du. (35)
o
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Taking into account (35), (38) and (25), we arrive at

T(F,x)= ﬁlf " T\/;e_”z_zug [exp(— %} - exp(— %}] du. (36)

0

Figures 6-8 show the results of numerical calculations according to equations
(33) and (36) for x =0.25.

~|

0.0

Fig. 6. The fundamental solution to the source problem for b=0and 0<a<l

0.0

Fig. 7. The fundamental solution to the source problem for b=05and 0<a<l
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Fig. 8. The fundamental solution to the source problem for & = 0.5 and —0.5 < b <05

4. Conclusions

We have solved the time-fractional heat conduction equation with the Caputo
fractional derivative in the case of one spatial variable in spherical coordinates. The
heat absorption is assumed to be proportional to temperature. The fundamental
solutions to the Cauchy problem and to the source problem have been studied. It
should be noted that in the case of the classical parabolic heat conduction equation
(a =1), the fundamental solutions to the Cauchy problem and to the source prob-
lem coincide, whereas for a #1 they are different. The results of numerical calcu-
lations are displayed in figures for different values of the parameter » describing
heat absorption and the order of the Caputo fractional derivative. The particular
cases of the solutions corresponding to the value 5=0 coincide with those
obtained in [4, 25]. The influence of the sign change of the parameter » on tem-
perature is easily observable from the figures. To calculate the Mittag-Leffler func-
tions E,(-x) in (20) and E,, (- x) in (33), we have used the algorithms sug-

gested in [29]. It should be emphasized that fractional heat conduction and
fractional diffusion have the same origin. At the level of individual particle
motions the classical diffusion corresponds to Brownian motion with a mean-
squared displacement increasing linearly with time. Anomalous diffusion, which is
exemplified by a mean-squared displacement with the power-law time dependence
and was observed in different media [13, 30-32], is described by equations with
fractional derivatives.
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