A Journal of Applied Mathematics and Computational Mechanics 2020, 19(2), 107-119

www.amcm.pcz.pl p-ISSN 2299-9965
C M DOI: 10.17512/jamem.2020.2.09 e-ISSN 2353-0588

VIBRATION OF A COMPOSITE ELASTIC BEAM
ON AN INHOMOGENEOUS ELASTIC FOUNDATION

Onur Sahin

Faculty of Arts and Sciences, Department of Mathematics, Giresun University, Giresun, Turkey
onur.sahin@giresun.edu.tr

Received: 3 March 2020; Accepted: 8 June 2020

Abstract. The lowest vibration modes of a composite beam resting on an inhomogeneous
elastic foundation in the case of a clamped-free boundary condition are investigated. It
is observed that the relation between the frequency and foundation constant has an effect
on the valid solution of the problem. An asymptotic procedure is employed to derive the
eigenfrequencies as well as the eigenforms revealing that only under certain conditions
on the ratios of material parameters. Numerical illustrations are presented to confirm that
the obtained asymptotic frequencies agree well with the exact frequencies in the lowest
frequency range. Comparisons of asymptotic and exact displacements are also presented and
a remarkable agreement is observed for high-contrast beam components.
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1. Introduction

The vibration of composite elastic materials has been extensively studied by many
researchers since it appears in numerous applications in industries, including pho-
tovoltaic panels [1], energy harvesting devices [2], laminated glass beams [3], etc.
With the latest technological developments, materials with high contrast properties
have become an important application area in metamaterial designs [4] and soft
robotics [5—7]. We also cite [8] investigating Rayleigh type wave dispersion in inho-
mogeneous media. The low-frequency vibrations in multi-layered structures are also
another research topic that has attracted much attention recently. The lowest longitu-
dinal vibrations of piecewise inhomogeneous string [9], rod [10,11] and beam [12,13]
were studied. In [10], an asymptotic model leading to the estimation of low natural
frequencies and the displacement profile was developed. This model was then gen-
eralized to beam in [13]. Thus, it has been presented that even though the rod has
one rigid body motion, the beam has two rigid body motions including rotation and
translation.
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The vibration of a beam resting on an elastic foundation which is generally used
in the investigation of the foundations of buildings, highway and railroad structures is
another research area and has been tread by numerous authors, see [14,16]. Although
there are many models for elastic foundation, the Winkler model is the most adopted
one, in which the response of a normally applied foundation is proportional at every
point to deflection of the beam. A general method for the vibration analysis of beams
on variable Winkler elastic foundations has been presented in [17]. Doyle [18] in-
vestigated the natural response of a partially supported elastic beam when both ends
are either simply supported or free. Beams having different cross-sectional areas on
elastic foundation are analyzed in [19]. This analysis provided a simple procedure
to evaluate the effect of elastic foundations on the free vibration of stepped beams.
Non-linear vibrations of an elastic beam resting on an elastic foundation were also
investigated in [20,22]. Free vibrations of micro and nano beams resting on an elastic
foundation are other research areas that have been studied intensively in recent years,
e.g. see [23] and [24] and references therein. We also mention [25] which generalizes
Eringen’s result for a random response of a beam on elastic foundation.

This paper is devoted to the analysis of low-frequency vibrations of a strongly
piecewise inhomogeneous beam resting on an elastic foundation consisting of two
different parts. The beam consists of two components having different material and
geometrical properties. The analysis shows that the valid solution of the problem de-
pends on the relation between the frequency and elastic foundation constant.
An asymptotic model in which certain restrictions are imposed on the material prop-
erties such as Young moduli, densities and lengths is employed to obtain approximate
eigenfrequencies and displacements [10]. It is also shown that the composite beam
resting on an elastic foundation has two rigid body motions like a strongly inhomo-
geneous beam without an elastic foundation [12].

This paper is organized as follows: In Section 2, the governing equation with
continuity and end conditions is presented. Then, for further reference, the exact so-
lutions of a two-component beam resting on two different elastic foundations with
clamped-free ends are given for two different cases of dimensionless constant corre-
sponding difference of non-dimensional frequency and elastic foundation constant.
In Section 3, the perturbation analysis is established through the small parameter de-
fined by the high contrast of material properties. The necessary restrictions on the
material parameters are determined in order to get a low-frequency regime. The es-
tablished asymptotic model is employed to the beam with two different cases which
results in approximate eigenfrequencies and displacements. Section 4 contains some
numerical comparisons of the exact and asymptotic results for eigenfrequencies and
eigenforms.
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2. Statement of the problem

Consider time-harmonic vibrations of a finite rectangular inhomogeneous beam
with two components composed of alternating soft and stiff parts of arbitrary lengths,
which rest on an elastic foundation consisting of two different partse (Fig. 1). The gov-
erning equations for each component of the beam are given by

d*y;  ®* k; _
dx);l—?yi+ﬁyi:0, i=1,2, (1)
i l

where y; are the displacements, x is the longitudinal coordinates, @ is the angular
frequency, a; = \/D;/M;, k; are the moduli of elastic foundation, D; = E;I are the
stiffness rigidities and M; = p;A are linear mass densities with E;, I, p; and A denot-
ing Young’s moduli, moment of inertia, material densities and cross-sectional area,
respectively.

0 I l1+ 1o
k1 ko

Fig. 1. A composite beam resting on an inhomogeneous elastic foundation

Introducing non-dimensional local longitudinal coordinates by

gi:?7 i:172) (2)
i
equation (1) may be rewritten as
d*y; ,
dg}i:_a;‘.yl:oa l:1727 (3)
i
where
Otl4 == A’l4 - i4 (4)
and
I} o? I}k
A= A= 3
t=ta B= (5)

In what follows, we will restrict our analysis to a beam with clamped-free ends
for which the outer edges satisfy

y1(0) =y, (0) =
ya (L4+1) =y (1+1)

0, 6
0 6)

Y

where [ =1, /1,.
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The displacements, stresses, bending moments and shear forces of the beam must
be continuous at the interface which are given, respectively, by

yi(1)=y(1), yi (1) =y (1),

(7
DY) =), Dy (1) = (1), :
where D = D /D,. We also introduce non-dimensional quantities
M
M="1 4= (8)
M2 an

It can be easily seen from equation (4) that even if the non-dimensional frequen-
cies, A;, and foundation constants, f3;, are always positive, oc,-4 could be positive, neg-
ative or zero. Therefore, the solution of the formulated problem depends on the sign
of .

In the case O‘i4 > 0, the solution of equation (3) is written as

yi (&) = A;cos (&) + B;sin (;&;) 4+ C;cosh (;&;) + D; sinh (04:€;) . )
When oc,4 = 0 the corresponding beam displacement has a cubic polynomial form
yi(&) = A&} + Bi&’ + Ci&i+ D; (10)

while the case a;' < 0 results in the following solution

18 e 5 s (%) 022 ) i (%)
+Cisin (?g) cosh (‘f/g) +D;sin (‘i‘é) sinh <‘i‘/§> :

It is obvious that there are nine different combinations of signs of & and o in which
only a few of them cause a proper solution. For example, if ocf > 0 and oé > 0 the
problem becomes identical to a composite beam without an elastic foundation which
has been extensively analyzed in [12]. However, chL =0, ch =0and ocf <0, (xg <0
do not constitute a valid solution for the considered beam.

In this paper, apart from the aforementioned cases, we will only consider two
combinations of o and o which are o =0, of > 0 and & > 0, oy < 0. The rest
of them can be analyzed in a similar manner.

(i) af =0and o > 0:

In the present case, the displacements corresponding to the first and second com-
ponents of the beam are written as

an

yi(€) = A1E +B1ER+C i€ + Dy,

yz(éz) =Ascos (06252) + B, sin (06252) +C COSh((Xzéz) + D5 sinh (06252) . (12)
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Applying boundary conditions (6) and continuity conditions (7) to (10) yields
eight homogeneous equations of the form

[Mi][A] =0 (13)

where [A] = (A1,B1,C1,D1,A2,B2,C2,D;) and [M ] is the matrix of coefficients given
in the Appendix. This set of linear equations has a non-trivial solution provided that

M| =0 (14)
resulting in the following sought frequency equation

12D* + I*of + (12D — I*af) cos o — 4Dl o (I* 03 + 3) sin ) cosh o

(15)
—4Dl oy ((120622 —3)cosa + 3l sin (xz) sinhap = 0.

(i) af > 0 and o < 0:
The displacements for the components of the beam in the considered case are
written as

yi(&1) =Ajcos (&) +Bysin(a &)+ Cicosh(oy &) + Dy sinh (o &),
@ s (25 ) o (2 e (58 ) (2]
+Casin (“éz) cosh <“f;> + Dysin <"‘;§2> sinh (“f;) |

Substituting equations in (16) into equations (6)-(7) gives us again a linear system
of equations in (A, B;,C1,D1,A2,B2,C,D;) with a coefficient matrix [M,] given in
the Appendix. Similarly to the previous case, the solvability of this linear algebraic
system leads to the frequency equation given by

l4ocf' (cosajcosha; —1) cos < B <\/2062> +cosh (\/21%2) —ézaf (cosajcosha; + 1)
X (cos (ﬁaz)—l—cosh (\60@) + 2>+2Dlza]2a22 (cos (ﬂag)—cosh (\6062)> sin o sinh o
+ \@Dlaf 0 (cosh oy sinoy + cos o sinh ;) (sin (\6052) —sinh (\60{2))

+v2DPP oy 0(23 (coshay sinay — cos o sinh ;) (sin (\fZaz) +sinh (\fZaz)) =0.
(17

3. Asymptotic analysis

The low-frequency vibrations of multi-component beams have received an in-
creased amount of attention after the development of new materials including soft
robotics [6, 7, 11]. Therefore, in this section, we study the lowest eigenmodes of
the beams shown in Figure 1. As can be seen from the previous section, determin-
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ing the exact eigenfrequencies and corresponding exact eigenmodes for the con-
sidered problem is substantially difficult. Therefore, we use asymptotic techniques
earlier developed for longitudinal vibrations of strongly inhomogeneous elastic rods
and beams [10, 12], which make the analysis of the frequencies and displacements
easier. In this context, we first assume that Young’s modulus of the stiffer component
is much greater than the softer one, i.e.

D,

e=—x1 18

by (18)

is a small parameter signifying the high contrast material properties.
Let us now expand the frequency parameters and displacements into the asymp-
totic series
4 4 4 294
A’i :S(Ai70+81i71 + & lz—i‘) ;

L

5 ' (19)

Yi=Yio+ €1 +€yip+--, i=12
which may also correspond to the low frequency regimes of the problems mentioned
at the beginning of this section. We also assume that the scaled foundation constant
is order of €, i.e.

B =eBiy- (20)
Therefore Ocl-4 may be written as asymptotic series, yielding

of =e(aly+ea +€a+) 1)

af ~ (Xét ~ g and Bf ~ Bf ~ g over the low-frequency range of interest, we should

have the following asymptotic order relations;

M, _k/Di
M, ka/Ds

i=1,2and j=1,2,... . Keeping in mind that

1. (22)

It may be readily observed from (19)-(21) that Otf and Oé are related to each other by

oc4—l4( 44 B3 (1 — ka? 23
1= a2 (2 Th a)). (23)

Therefore, the sign of a,-4 depending on the value of ka® can be given in Table 1.

Table 1. Sign of al-4 with respect to ka®

ka® > 1 ka* < 1
af >0 o >0 o >0 or oy <0 or a5 =0
af =0 o >0 o <0
af <0 of>0o0r a3 <0 or o =0 o <0
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Bearing in mind the definition of the small parameter, the continuity conditions at
the interface and the boundary conditions take the form

yi(1)=ya2(l), yi(1)=1y;(1),

(24)
eyl (1) =LY, (1), e (1)=Py (1),
and
0) =y, (0) =0,
71(0)=0) o5)
va(1+1) =y, (1+1)=0,
respectively.

On substituting the asymptotic expansions (19) into (3), (24) and (25), we have
the boundary value problem given by

d*yio d*yii 4 A _
e (G e oo .
with
y20() =y10(1)+ €21 (1) =yi0(1))+--
Iyho (D) = Y10 (1) +& (v, (1) =y o 1))+ 07 @n
12)’ (l)—l—e(ﬂy () =yo(1)+---=0,
l%ym (O +e(Pyy ()=o) +---=0,
and
1,0 (0) +€y1,1(0) +--- =10 (0) + €y ; (0) +--- =0, 28)

¥20(0) +€y5 1 (0)+--- =5 (0) +&y5'; (0)+--- = 0.

Thus, regardless of the sign of a;‘ , at the leading order the equations of motion
become

d*yio
dE?

1

=0, (29)

subject to the continuity

Y1,0(1):y2,0(l)a yll,o(l):lylz,o(l),

(30)
ylzl,o ()= )’/2/,/0 (1)=0
and the boundary conditions
0)=y,,(0)=0,
y1,0(0) le( ) 31)

yao(14+1) =y (1+1)=0.
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The solution of the boundary value problem (29)-(31) may be written as

yio=Ai& +Bi&L,

(32)
y2,0 =A28+ By,

which correspond to leading order displacements for the soft and stiff parts of the
beam respectively. The coefficients of the soft and stiff displacements are also related
to each other from equation (30;) and (30,) by

Ay =—-2By—1A>, B;=3B;+2IA;. (33)

We now proceed to the next order problem for the stiff component of the beam,
which is formulated from (26)-(28) as

d4y2 1 4
— — =0 34
d&; %,OyZ,O ) ( )
with continuity
d’y2,1 _ Ld’yyp &y _ Ldyp (35)
S A
and boundary conditions
d*yy.1 _ dPyy.1 _0 36)
d€22 E=1+1 d§23 E=1+1

(i) af =0and o > 0:

If ch > 0, the leading order term of expansion for oé becomes greater than zero,
namely 06‘70 > 0. First substituting expression of yj o, (32;), into (34) and then inte-
grating over [ < &, < 1+, we obtain

12A1 — 05 o> ((1+21)A; +2B;) = 0. (37)
Next, multiplying (34) by &, and integrating over [ < & < 1+ results in
12B) — o3 ,1*(2(31* + 31+ 1)A, + 3(21 4+ 1)B;) = 0. (38)

The coefficients A and B; in equations (37) and (38) can be expressed through the
coefficients in (33), leading to the linear set of equations

12(1A2+2By) — (20 + 1)A2 +2B,) 05 = 0,

(39)
241A2+36B, — I*2(31° + 314+ 1)Ay + 3(20 + 1)By) &5 o = 0.

The latter has a non-trivial solution provided that

1*od o —241(2+1(3+21)) a3 o+ 144 = 0. (40)
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The obtained frequency equation has two non-zero solutions given by

12 (—2(1 +V1 +l+12+2+1(3+21)>

(6",0: 3 )
(41)
\ 12(2(1+l)\/1+l+12+2+l(3+21))
o= .
) 13

(i) af > 0 and o < 0:

In the case O(é1 < 0, the first term of the corresponding asymptotic expansion be-
comes less than zero, i.e. Oé.o < 0. Taking into account the sign of (xio in equation
(34) and following a similar procedure performed in the previous case, we obtain

a5y +241(2+1(3+20)) o5 o + 144 =0, (42)

which is the sought frequency equation for the considered case. Thus, we arrive at
two negative roots for O‘?,o given by

12 <2(1 VI +1+12+2+1(3+21))

ag,(): l3 ?
43)
, 12 (2(1+l)\/1+l+12—(2+l(3+2l))
o= .
) l3

4. Numerical results

In this section, some numerical comparisons of exact and asymptotic formulae
for the eigenfrequencies and displacements are presented. All the numerical compu-
tations are demonstrated in the case of global frequency regime for which we have
M]/MzNE,lN],aNI and k ~ 1.

Figure 2 illustrates exact, (15), and approximate, (40), frequency curves in the
case oy =0and ap > 0, at / = 0.99 and a = 1.01. It can be easily observed from this
figure that approximate frequency gives a very good approach to the exact frequency
even for significant in size numerical value of €.
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Fig. 2. Comparison of exact (15) and asymptotic (40) frequency curves at / = 0.99 and a = 1.01

Figure 3 shows the comparison of scaled exact and approximate displacements
corresponding to eigenfrequency (41;) for af =0 and 0024 > (. It can be readily
seen from this figure that the approximate displacement (32) is, again, in quite good
agreement with the exact one (12) for € =0.5.

Yy ’ Exact D‘isplacement
25 7Asymptotic Displacement - - - - - / / |
2 [ / -
1.5 ¢ ) |
1 [ -
0.5 + |
0 : . s

0 0.5 1 1.5

£

Fig. 3. Comparison of exact (12) and asymptotic (32) displacements in the case ch =0and oé > 0 for
[=0.99and € =0.5

In the case af > 0 and o < 0, the numerical comparison of scaled exact and
approximate displacements is depicted for the eigenfrequency (43;) in Figure 4. In
the comparison, we set @ = 0.99 and [ = 0.99 to have & > 0 and oF < 0 (Table 1).
Similar results can be followed for this figure.
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Y 1k "‘ i
0.5 + ]
0
—05 | - ) N
xact Displacement
Asymptotic Displacement - - - - -
0 0.5 1 1.5
3
Fig. 4. Comparison of exact (16) and asymptotic (32) displacements in the case a? > 0 and Oé < 0 for

£=0.1

5. Concluding remarks

The low-frequency vibrations of a two-component, strongly inhomogeneous beam
resting on elastic foundation have been analyzed for the clamped-free boundary con-
dition. It is seen that the valid solution of the problem depends on the relation
between the frequency and foundation constant, and only for a few cases we have
a non-trivial eigenfrequency and displacement. Since the exact formulation of eigen-
frequencies and eigenforms of such problems are generally given by sophisticated
transcendental equations, a perturbation procedure is derived to investigate near-zero
frequencies and corresponding displacements. It is also emphasized that the derived
asymptotic formulae are valid for certain conditions on the ratios of material proper-
ties of the beam and foundation constants, which allow the low-frequency vibrations
to be possible. Another point to note is that eigenfrequencies and eigenmodes might
have been calculated through a numerical procedure (such as the FE method) how-
ever, the computational difficulty as well as the computing time, particularly when
the number of the components of the beam increase, become formidable. Further-
more, applying a numerical procedure may give rise a risk to miss low-frequency
eigenforms.

The proposed perturbation approach may be generalized to multi-parametric prob-
lems such as n-component strongly inhomogeneous beams and multi-layered plates.
Different kinds of elastic foundation models may also be studied. The effect of the
boundary conditions on the solvability of such problems is another problem that can
be considered.
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6. Appendix

The coefficient matrixes that appear in Section 2 are given as follows:

1 1 1 1 —C) —3S52 —Ch2 —Sh2
32 10 ps2 —ha —hshh —hoh
6D 2D 0 0 Ycu YPsy —Yachy —Ysh
M| = 6D 0 0 0 —psy Pex —Pshy —pchy 44)
0 0 01 0 0 0 0 ’
0 0O 10 0 0 0 0
0 0 0 0 —o3c2 —03s® o5ch®  agsh®
0 0 00 s> —o3ct wsh®>  ach’
cichy c1shy sichy s1shy —C —s7 —chy —shy
ndi Ndy hds Yidy hs2  —her —hshy —hch
72D’}/12S]S/’l] 72D’)/12S|Ch1 ZD'}/IZC]S/’[] 2D’)/126‘|Ch1 '}/%Cz '}/225‘2 7722Ch2 7'}/225‘]’!2
M| —2Dy}d, 2DYYd; 2DYYdy,  2DYd))  —psy  per —Pshy —Yichy
1 0 0 0 0 0 0 0
0 " 7 0 0 0 0 0
0 0 0 0 —a3? —a3s®  odch*  adsh?
0 0 0 0 s>~y oysh® och?
(45)
where:

c;=cosY, s;=sinYy;, ch;=-coshy;,, sh;=sinh?,

> =cos(ay+p), s*=sin(y+p), ch*=cosh(a+7p), sh®>=sinh(a+7p)

dy = ci1shy —sichy, dy =cichy —s1shy, dsz=cich)+s1shy, ds=sich;+cishy,
n=o/V2, p=la.
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