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Abstract. On the basis of the mathematical model of the continual description of func-
tional-gradient metal systems, taking into account their structure, a computational computer
scheme has been developed that makes it possible to assess the stress-strain state of local
volumes of parts taking into account their spatial inhomogeneity. With the use of modern
software components of computational mechanics — FEniCS finite element analysis pack-
age and its implementation in Python, the optimal structural characteristics of wheelsets of
railway locomotive tires after plasma treatment have been established. It is shown that,
depending on the value of the load, hardening of products must be carried out to a depth of
4.5 mm; with a further increase in thickness, the parameters of operational strength do
not change.

MSC 2010: 74M15, 74505, 74P10
Keywords: mathematical model, computational mechanics, contact problem, FEniCS,
optimization

1. Introduction

Manufacturing of products with a specified life cycle based on computerization
of all design and production stages is one of the most essential tasks of modern
mechanical engineering. Its implementation is achievable through the joint use of
methods of applied and computational mechanics when choosing rational techno-
logical modes of processing to obtain products with reliability parameters meeting
operating conditions [1-3].
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The application of new technologies and approaches of local gradient mechan-
ics used to improve the service life of products is one of the features of modern
mechanical engineering. It is a matter of introduction of components made of
functionally gradient materials, which provide redistribution of a stress-strain state
and temperature fields allowing essential changing of the design reliability [2, 3].

In this connection, a necessity of integration of new mathematical models of
mechanics into computational schemes arises since they allow setting stress-strain
state in local volumes of components taking into account their heterogeneity.
This problem is especially important for the railway transport operation practice as
friction knots determine the efficiency and reliability of the railway equipment
operation by 80 to 90%. Losses caused by wear and tear in the wheel-rail system
range from 10 to 30% in trains used for traction [4, 5].

One of the advanced methods to address the problem of improving the tribosys-
tem operational parameters are surface engineering technologies that allow control
of the structural and energy state of external and internal surfaces of the critical
parts interface in a fairly wide range [2, 3, 6]. The application of such technologies
requires a scientific justification regarding the formation of an optimal distribution
of nonlocal material characteristics in the surface component layers and should
consider the specific features of power effects during the operation of structures.

To solve these significant scientific and practical issues, the mathematical appa-
ratus of inverse problems from the domain of mathematics and mechanics, as well
as computer modelling are involved, since in the majority of cases it is impossible
to derive the solutions of such problems analytically.

2. Statement of the problem of mechanics of increasing
the contact strength of locomotive wheel tires using
plasma hardening technologies

Plasma hardening is one of the surface engineering technologies that changes
the structural and energy state of material both in the surface and deep layers
through the targeted thermal exposure. As a result, gradient structures are formed
in the hardening zones. Their properties significantly differ from those zones that
have not been treated.

Following hardening, an inhomogeneous structure is formed and its properties
vary significantly in different zones. The highest values of hardness and micro-
hardness are achieved on the contact surface, but the wear rate of this layer is sub-
stantially higher than that of the layer located at a depth of 1.5 mm. This is condi-
tioned by the formation of grain boundaries with different values of energy, the
initiation of damages on the boundaries with its high level and the development of
intercrystalline destruction. Local surface hardening zones hosting high angular
boundaries with close grain boundary energy values are characterized by higher
resistance to the formation of continuous damage, microscopic cracks and wear
and tear [6, 7].
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At the level of mechanical properties, this leads to an increase in the value of

elastic and structural characteristics in local volumes, which allows changing
the contact durability of the parts in a wide range [2, 3, 8].

However, the issues of formation of optimal distribution of structural material

mechanical properties both in local volumes and as a whole, depending on external
loads for achieving specified operational parameters of products, remain open.

Therefore, to solve the problem of providing the maximum increase of contact

strength of a component at its functioning in conditions of prevailing stress-strain
loads by optimizing the internal distribution of mechanical properties in local
volumes of a material, we suggest the following mathematical formulation:

1.

2.

Let the studied body (component) occupy the spatial zone X, let us denote
the body surface as 0X .

Let us present the body surface as the collection of non-overlapping sets
0X =0X,V0X, U0X,, where 0X, is the body area where loads are set, 0.X,

is the body area with set displacement limits and 0X, is the unloaded surface.

Regions 0X,, 0X,, 0X; in turn can include simple subzones: aXle)laXf ,

m . k
0X, = U 0X,, X, =1u16X3’.
P -

. The force vector Fli is set in each elementary subzone 0X/, and the displace-

ment vector #] is set in 0X,, which are distributed as follows in 0X:
F! =Fli(x)’ iy =iij (x)> x € 0X.

. When considering the mechanical properties of the studied component, we limit

ourselves to such parameters as the elasticity modulus £, Poisson’s ratio x# and
the rupture resistance o, the functional distribution of which in the zone X cor-
responds to E = E(x), u=u(x), 0 =0 (x), xe X.

. As a result, the stress state is formed in a component characterized in each point

by a tensor 6 =6(x), xe X.

. As rated stress does not unambiguously define operational parameters of

constructions [8], for the contact strength analysis we use such expression as:

k(x)zl—Z'ZT(xx)), (1)

where o, (x) is the equivalent representation of Mises’s stress tensor, & (x) is
material structural properties at a point. Let us name value & (x) as the contact
strength safety factor.

If k(x) =1, no softening is observed at the body point, if k(x) <0, softening

is observed at the body point.

. The problem of increasing contact strength by optimizing the internal distribu-

tion of mechanical properties comes down to finding such functions as E(x),
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u(x), o (x), which at set i (x) and F,(x) ensure that the function (1) meets
the condition (2):

dim(k(x)<0)
_ _xelV :
L= am (x) — min, 2)

xeV

where dim(...) is the size of a zone that meets the specified condition. Accord-
ing to the relationship (2), the parameter L is dimensionless.

3. Solution of the problem regarding the optimization of
the surface layer material structure to increase
the contact strength of wheel set bandages

To solve the problem described in section 2, we use approaches of computa-
tional mechanics, namely the FEniCS package of finite element analysis and its
implementation in Python language [9]. This toolkit was chosen because of wide
possibilities associated with the application of various mathematical models of the
material continuum, including those built by the present authors, the availability
of scaling function, adaptability for distributed computing, as well as the absence
of any restrictions on its use for commercial, educational or scientific purposes.

Post-processing of finite element analysis results will be performed using
the MatPlotLib freeware package for Python [10].

As a basic model for the material continuum, we used the model of elastic
media taking into account damageability, offered in the work [11]. A basic equa-
tion of this model is the equation of continuum equilibrium at displacement:

+ 26(x) (6@@—%(?-@)1?} ~0, (3)
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where ¢, a,, a; are numerical constants, a)(x) is the damageability, # is the dis-
placement vector, / is the ordinary tensor, V is Hamilton’s differential operator,
K (x) is the bulk modulus of elasticity, G(x) is the shear modulus, ® — tensor
product, - is the scalar product, and ¥ is the material zone characteristic size at the
mesoscale level equal to three grain diameters.

To solve the problem by the finite element method, we use the weighted resid-
ual method (“FEM weak formulation”) [9], where as a weight function we choose
vector V:

J.(%‘é')‘ﬁdxzo, )

Q

where Q is the range of integration, & is the stress tensor according to model (3),
which is equal to
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The essence of the “FEM weak formulation” consists in the selection of such
a distribution of the desired function, which allows the basic condition — (4) to be
provided as accurately as possible in a given functional space. The weak formula-
tion is important tool that helps, in solving problems of FEM-mechanics, to pass
from the continual description of mathematical equations to a system of linear al-
gebraic equations, the solution of which is the discrete distribution of the desired
quantity. In the case of solving equation (4), these are displacements, that are recal-
culated according to Hooke’s law into stresses, and according to relation (1) into
values of structural softening.

In this work, the values of the numerical constants o, o, az of the model (3) are
taken equal to 0 to simplify the calculations.

Let us perform integration in respect of the parts of expression (4). Hence,
we receive:
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j(va‘)-vdx:—j&--(”@v)dﬁj(&-ﬁ)-ﬁds, )
Q Q oQ

where 7 is the vector set at the body surface 0Q2.

Given the relation 7=6-7i, where T is the surface vector, relation (5) is
written as:

j(”-&)-m:-j&--(ﬁ@v)dﬁjf.vds. (6)

Q oQ

This equation is a basic one for solving the problem of finding operational
parameters of structures working under friction conditions.

The problem is considered in a two-dimensional array. As an object of our
research, we consider a two-dimensional rectangular body with functional-gradient
depth properties, which lies on a rigid base. In the zone of contact interaction,
let us set the parabolic distribution of the normal load component, the relationship
between the normal and tangential components of the load vector is subject to
the Coulomb’s law:

L(x) = B(x) T (%), 7

where 7, (x) is a normal component of the load vector, 7, (x) is tangential compo-
nent of the load vector, S3(x) is a friction coefficient (Fig. 1).

m f:(TpT:) H,

d A B

H

0

Fig. 1. The study object: AB is the contact patch (contact interaction area), T = (T1 JT,) is

the load vector, d is the hardening zone thickness, H is the surface microhardness
value, H, is the micro-hardness value in the material depth

As the initial characteristic of distribution of material mechanical properties,
we accept the microhardness value which characterizes the response of the element
of a local volume with the given structural-energetic state to external influences.
For transition from the microhardness value to the calculation of elastic and
strength properties of materials, we use the results of the work [12].

It has been established that microhardness, measured by Vickers method, on the
bandage surface of a locomotive wheel following plasma hardening is 4, = 3900 MPa,
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initial microhardness is H,=2600 MPa detected at the depth of d =2 mm from
the surface, the initial stress-strain load is assumed to be equal 10-10* N, and

the friction factor (£(x)) is 0.25 [13].
Consequently, using the FEniCS package, the following stress distribution has
been established in the studied structural fragment (Fig. 2).
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Fig. 2. Distribution of stress in the Mises form in the studied structure, 10° Pa

Analysis of the obtained results (Fig. 2) shows that the greatest value of stresses
occurs in the immediate area of contact interaction. With distance from the contact
zone, the stress values decrease, which makes it possible to suggest that behaviour
of the surface zones in the contact load region are the most important for parts
working under friction conditions.

Since the stress state does not unambiguously determine strength parameters of
an object, we take structural softening according to the relation (2) as a characteris-
tic of its operational properties (Fig. 3).

1.0

0.0
Fig. 3. Distribution of the structural softening value in a body

It was found that the greatest loss of strength is observed directly in the contact
interaction zone (Fig. 3), which, with insufficient values of strength parameters,
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can be a source of crack initialisation. Structure optimization under various antici-
pated operating conditions, i.e. finding stress-strain distributions that provide the
best performance, is an important aspect in studying the operation of the structure.
We use the function (2) as an optimization criterion, and the thickness of hardened
layer d is considered as a control parameter.

To find the optimal modes of plasma hardening of wheelsets, the value of the
size of the contact area AB will be considered equal to 13 mm. Let us assume that
the value of the vertical component of the load has the following discrete values —
10-10* N, 12.5-10* N, 15-10* N (wheel load depends on the type of locomotive),
and the value of the friction coefficient is discrete values 0.06, 0.125, 0.25, 0.5,
which corresponds to the most common operating conditions of a real tribological
wheel-rail system [13, 14]. The value d is measured in the range from 0 to 10 mm.

As a result, the following dependence of the maximum softening zone on the
parameter d (Figs. 4-6) for different values of a normal load and friction coeffi-
cient can be obtained.
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Fig. 4. Value of the softening zone for normal load 10-10* N
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Fig. 5. Value of the softening zone for normal load 12.5-10* N
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Fig. 6. Value of the softening zone for normal load 15-10* N

As can be seen from the above calculations, there is a limit of the value of the
hardened layer d°, and, when this limit value is reached, the softening parameter
does not decrease essentially.

At operating load 10-10* N, depending on the friction coefficient, the parameter
d" varies from 1.8 to 2.3 mm, at 12.5-10* N it varies in the range from 2.8 to
3.3 mm, and at 15-10* N — from 3.8 to 4.5 mm. Further hardening is not feasible
since at the same parameters of operational strength the energy loss for the surface
treatment process increases.

In addition, an increase in softening parameter at friction factor growth is
observed, which indicates changes in strength, parameters of wheels depending
on specific features of the processes occurring during friction contact.

The developed approach makes it possible to choose plasma hardening modes
to control the operational parameters of wheel sets in order to ensure their strength
and durability.

4. Conclusions

1. Based on the approaches of computational and applied mechanics, the problem
of optimization of operating parameters of locomotive wheel bandages follow-
ing plasma strengthening has been considered.

2. The analysis of the structure stress state under proxy-operational loading modes
using FEniCS FEM analysis package and its implementation in Python lan-
guage has been carried out.

3. The necessity to harden wheel bandages to alternative depths depending on
the operating conditions of a locomotive has been established. In this case,
the increase of friction coefficient in the contact interaction zone from 0.06
to 0.5 does not require a significant change in the hardening layer thickness,
and the increase in the normal component of friction load creates the need to
increase the hardening layer thickness.



70

V. Kopylov, O. Kuzin, N. Kuzin

. It has been shown that the optimal thickness of bandage hardening layers should

be selected depending on the operating conditions of a locomotive. For loads up
to 10-10* N, they should be hardened to the flange thickness up to 1.8 ...
2.3 mm, at average load values of 12.5-10° N — up to 2.8 ... 3.3 mm, and at
15-10* N and more — up to 3.8 ... 4.5 mm.

. Hardening of locomotive wheels bandages to the thickness of more than 4.5 mm

is not feasible, since at the same parameters of operational strength the energy
costs for the technological process are increased.
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