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Abstract. The heated non-homogeneous domain from the two sub-domains compound is 
considered. The température distribution is described by the system of two Laplace équa
tions. At the surface Tc between sub-domains the ideal contact is assumed, at the remaining 
surfaces the Dirichlet, Neumann and Robin conditions are taken into account. The problem 
is solved by means of the boundary element method. To estimate the changes of tempéra
ture due to the change of local geometry of internai boundary Tc the implicit variant of 
shape sensitivity analysis is applied. In the final part, the results of computations are shown 
and the conclusions are formulated.

Introduction

The system of two Laplace équations describing température distribution in 
non-homogeneous domain is considered

o.ywa,-. + = e = 1 2 (1)
dx2 dy2

where fe [W/(mK)] is the thermal conductivity of sub-domain Qc, Te dénotés the 
température and x,y are the geometrical co-ordinates.

On the contact surface between sub-domains the continuity of heat flux and the 
température field is assumed

(*,y)erc :
dl\(x,y) 8T2(x,y)

—Æ,------------------- — A->---------------------
< dn " 8n

I\(x,y) = T2(x,y)
(2)

where of (x, y)/dn is the normal derivative, n = [n x, n v] is the normal outward 
vector.

On the remaining surfaces the Dirichlet, Neumann or Robin conditions can be 
taken into account.
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The aim of the investigations is to estimate the changes of température due to 
change of local geometry of internai surface Tc.

1. Boundary element method

At first the homogeneous domain Q is considered. In this case the boundary 
integral équation corresponding to the Laplace équation is the following [1-4] 

feri)Gr: ^,q)T(^q)+frfeq,x,y)?(x,y)dr =

. r (3)
J^*(^,q,x,y) 7(x,y)dT 
r

where q)e(0, 1) is the coefficient connected with the local shape of boundary, 
(^,q) is the observation point, q(x, y) = - X5 T(x, y)/ôn, T (Ç, q, x, y) is the funda
mental solution

r(^,ri,x,y) = —!—ln- 
r

where r is the distance between the points (^, q), (x, y) and

*zK A 1 3T‘(Ç,q,x,y) d q (i;,q,x,y) = —À, -----
on 2nr

(4)

(5)

while
r/ = (x — 4)/?v + (y -q)«, (6)

In numerical realization of the BEM the boundary is divided into V boundary 
éléments and intégrais appearing in équation (3) are substituted by the sums of 
intégrais over these éléments

?(x,y)T*(^,,q,,x,y)dr/ =
7=1 r7

E drz
7=1 r/

For the linear boundary element Ty it is assumed that

(x,y)eFy
'T^ = NpT^+NkT^ 

q(&) = Npq'p + Nkqk

(7)

(8)

where Np = (I - 0)/2, A^ = (1 + 0)/2, 0e[-l, 1] are the shape functions.
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After the mathematical manipulations [2, 5] one obtains the following system 
of équations (/ = 1,2, ..., R)

R R

r=l r=l
(9)

where for the single node r being the end of the boundary element Ę and being the 
beginning of the boundary element T,, i one has

G;r=G* +G,%, = + (10)

while for double node r, r + 1

Gir=G^ Gir+i=G^ (]i)

In dependencies (10), (11):

de (i2)
471À r} j

(13)
4n/. ;

and

2 de <15)
471-1 fy

where

-^Ÿ+ÇN^+N^ -r),)2 = 7(g')2 +(s')2 (16)

and

Zy = 7(4 -^.f)2 +(7y - Jf)2 = (H)

is the length of element Ę.
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It should be pointed out that if (£„rp) is the beginning of boundary element T7, 
this means = (xf, yf) then

Z (3 —21nZ ) . Z,(l-21n/,)_ J V__________ ./ 7 QK _ J v_________ ./ 7

'' 8jtX ’ >J 8n/_
^=7^=0 (18)

while if (^,rp) is the end of boundary element Ę: (Ç„r|;) = (xf, yf) then

Hf, = Hf = 0 (19)
Z,(l-21nZ,) , /,(3-21n/)ffffP _ J V J ' QK _ J V,/ 7

'J 8tiX ’ lJ 8ttX

The system of équations (9) can be written in the form

R

r=l

R

r-1
z =1,2,. ,,R (20)

or

Gq=HT (21)

where

H.r = <

1 J»

i r

i = r
(22)

In the case of non-homogeneous domain Q = O.|J.Q- two Systems of équations 
for each sub-domain, should be taken into account separately. So, the condition (2) 
can be written in the form

(xj)efc =-qc2 =q
= tc2=t

and then one obtains the following Systems of équations

and

MefM: [Gx Gcl] qi
qti

= [H1 H,

(23)

(24)

(25)
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Coupling of these system gives

(x,y)er, urcuF2:- G, 
0

-Hcl Gd
-hc2 -gc2

0
G2

qi 

T

q

Ft.
= [H, H2] 1

L X2
/h

(26)

The remaining boundary conditions should be introduced, of course. Finally, 
the system of équations (26) can be written in the form

AZ = B (27)

where A is the main matrix, Z is the unknown vector and B is the vector of the 
right-hand side.

2. Implicit différentiation method of shape sensitivity analysis

We assume that b is the shape parameter, this means h corresponds to the x or y 
coordinate of one of boundary node located at the contact surface between sub
domains. The implicit différentiation method [5-8] starts with the algebraic system 
of équations (27). The différentiation of (27) with respect to b leads to the follow- 
ing system of équations

SA, SZ SB —Z+A—=— 
db db 8b

(28)

or

, SZ SB SA„A — —-----------Z
db db db

(29)

So, this approach of shape sensitivity analysis is connected with the différentia
tion of éléments of matrices G and H (c.f. équations ( 12)-( 15)).

Taking into account the dependencies (10), (11) one has
- for a single boundary node

3G„. 8G^ dGfl+l 8Hir dH^ dHf)+l
--------- =-------- --  H-------- L—, ----------=-------- --  H-------- L— 

db 8b db db db db

- for a double boundary node

sgîl = sg^ sg„.+1 sg/;+,
db db ’ db db

S7/,,. S7/^ 8Hir+i 8H,pJ+i
db db ’ db db

(30)

(31)
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A différentiation of (12), (13) gives

(32)

and

1 dl, f 1----------Í Nk In— 
4 k/. db J, r,

(33)

where

,p (34)

and

(35)

where

(36)

db

Next, using the formulas (14), (15) one obtains

(37)

and

(38)

db
dlx 
db

P

k db

1 i dr’ ■ dl’ dr’ .
db y db db

1 ( dr’ dl’, dr’ dl’
— AX/./ + r./_L—y_iJ_ rj^ 

db y x db db ' '' db

r
db 4tt

I, ^ = -(yk
db cb'1

dGu 
db

-li;—-1-1! —
I, x db y db

,Sr’ ,dr’
A ——+ r’ —— 
x db y db

G_=f/ 
db p db

1 dr,.i 
r, : db

2 I / dr’ i dry — r’ ——+ r, —— 
r4 x db y db

_ 1 f
db 4n J

2 / dr’ . dr’
—- r’ ——+r’ —- 
r4 1 db y db

i dl ' r-’ ---- Ł

db

dGp 1
db 4n/.

dl, r 1 f d
( 1_ ]_ f Nn In— d0 + Z, Í N — In de

db p r J J p db r-i './ -i ‘j J

ôr/ dxp
— = NB—+Nk 
db p db k

db
In—

L 7'/

drkl
db r<j

dxk
~^b db
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In the case when shape parameter b corresponds to the node (^/? rp) = (xf, yf) 
or to the node (^, rp) = (xf, yf) then the formulas (18), (19) should be differentiat- 
ed with respect to b.

ït should be pointed out that using the Taylor expansion

T(x,y,b + Aô) = T(x,y,b) + U(x,y,b)Ab
T(x,y,b — Ab) = T(x,y.b) -U(x9y9b)Ab

one has

AT (x, y) = T (x, y, b + Ab) — T (x, y, b — Ab) = 2U(x, y, b) Ab (40)

where U= dT/db is the sensitivity function and Ab is the perturbation of parame
ter b. So, on the basis of formula (40) the change of température due to the change 
of parameter b can be estimated.

3. Results of computations

The non-homogeneous domain from two sub-domains compound as shown in 
Figure 1 is considered. On the upper boundary the Dirichlet condition T = 40°C 
has been assumed, but the température from the node 11 to the node 23 is changing 
according to the quadratic function (Tmax = 60°C). On the bottom boundary 
T = 40°C has been accepted, on the remaining parts of boundary the Neumann 
condition q = 0 W/m2 has been established. At the surface between sub-domains 
the ideal contact (c.f équation (2)) is taken into account. The discretization of the 
domain is shown in Figure 1, while Figure 2 illustrâtes the température distribu
tion in the domain considered.
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Fig. 1. Discretization
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Fig. 2. Température distribution

The distribution of the sensitivity fonction U= dT/db under the assumption that 
b = 1'46= _V7i (c.f. Figure 1) is the shape parameter is shown in Figure 3. The tem
pérature at the node 46 = 71 equals 47.825, while the sensitivity fonction at this 
node equals 1268.99. So, using the formula (40) for AZ> = 0.0001 m the change of 
température at the node 46 = 71 due to the change of parameter b is equal to 
0.25°C. In Figure 4 the changes of température at the nodes located on the contact 
surface between sub-domains are presented.

Fig. 3. Distribution of fonction U
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Fig. 4. Change of température at the contact surface due to the change of parameter 
h = 1’46 = 3’71

Conclusions

The non-homogeneous domain from two sub-domains compound has been con- 
sidered and the température distribution has been described by the system of two 
Laplace équations supplemented by boundary conditions. The problem has been 
solved using the boundary element method. The implicit method of shape sensitiv
ity analysis has been discussed. To estimate the changes of température in the case 
when the local geometry of the boundary is changed the Taylor sériés containing 
the sensitivity function has been applied.

Référencés

[1] Brebbia C.A., Domingues J.. Boundary Elements, an Introductory Course, CMP. McGraw-Hill 
Book Company, London 1992.

[2] Majchrzak E.. Boundary element method in heat transfer, Publ. of the Techn. Univ. of Czest., 
Częstochowa 2001 (inPolish).

[3] Majchrzak E., Mochnacki B., Numerical Methods. Theoretical Bases, Practical Aspects and 
Algorithms, Publ. ofthe Silesian University of Technology, Gliwice 2004.

[4] Majchrzak. E., Tarasek D., Identification of internai whole parameters on the basis of boundary 
température, Scientific Research of the Institute of Mathematics and Computer Science 
Częstochowa University of Technology 2009. 1(8), 138-146.

[51 Majchrzak E.. Freus K., Freus S., Shape sensitivity analysis. Implicit approach using boundary 
element method, Scientific Research of the Institute of Mathematics and Computer Science 
Częstochowa University of Technology 2011, 1(10), 151-162.

[6] Burczyński T.. Sensitivity analysis, optimization and inverse problems, [In:] Boundary Element 
Advances in Solid Mechanics. Springer-Verlag, Wien, New York 2004. 245-307.

[7] Kleiber M., Parameter Sensitivity, J. Wiley & Sons Ltd.. Chichester 1997.
[8] Majchrzak E., Kałuża G., Explicit and implicit approach of sensitivity analysis in numerical 

modeling of solidification. Archives of Foundry Engineering 2008. 8, 1. 187-192.


