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Abstract. The cylindrical domain of skin tissue subjected to an external heat flux is consid- 
ered (shape of domain is determined by form of function describing Neumann boundary 
condition on external surface of the system). The first version of numerical simulations 
concerns the heterogeneous multi-layered skin tissue domain (epidermis, demis, sub- 
cutaneous region). The thermophysical parameters of successive layers are assumed to be 
different, but constant. The second version of computations concerns the homogeneous 
domain, but the mean values of the thermophysical parameters are temperature-dependent 
(non-linear task). Knowledge of the spatial, time-dependent température field allows one to 
détermine the so-called thermal dose and also the degree of tissue destruction. The algo- 
rithm presented can be useful in medical practice, among others, at the stage of the hyper- 
thermia therapy scheme.

Introduction

The domain of skin tissue can be treated as a heterogeneous domain being the 
composition of layers corresponding to the epidermis, dermis and sub-cutaneous 
region - Figure 1.

Fig. 1. Skin tissue
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The thicknesses of layers and also their thermophysical parameters are indivi­
dual personal traits, at the stage of numerical computations presented here, the 
mean values taken from [1] hâve been introduced.

The values of tissue thermophysical parameters can be treated as température - 
-dependent ones. Such an approach is doser to the real model of the material con- 
sidered. In literatuře, one can find information concerning the changes of tissue 
volumétrie spécifie heat, thermal conductivity, volumétrie perfusion coefficient 
and metabolic heat source [2, 3].

1. Governing équations

Thermal processes proceeding in the domain considered can be described by 
a system of partial differential équations (Pennes équations), in particular 
[4-7]

xeQe: ce(T)^^ = diV[ke(T)gradTe(x,1)]+Qpe(T)+Qme(T), (1)

where e = 1, 2, 3 corresponds to the successive skin layers, c is the volumétrie 
spécifie heat, X is the thermal conductivity, Q,,, Qm are the capacities of volumétrie 
internai heat sources connected with the blood perfusion and metabolism, T, x, t 
dénoté the température, geometrical co-ordinates and time. The perfusion heat 
source is given by formula

Qpe(T) = ke(T)[Th-Te{x,t)\, (2)

where ke(T) = Ghe(T)-ch, Gh is the blood perfusion [m3 blood/(s m3 tissue)], ch is the 
blood volumétrie spécifie heat and Th arterial blood température. The model pre­
sented concerns the tissue domain supplied by a large number of capillary vessels. 
When the presence of bigger vessels (arteries or veins) should be taken into 
account, then the basie Pennes équation must be supplemented by a additional 
équations concerning vessel domains (e.g. [6]), but this problem will not be dis- 
cussed here.

Metabolic heat source Qm can be treated both as a constant value and tempera- 
ture-dependent function.

In this paper, an axially-symmetrical problem is analyzed. The choice of tissue 
geometry results from the form of function describing the action of externa! heat 
flux (2D Gauss-type function). Conventionally, the assumed tissue domain is cha- 
racterized by radius R and high Z, at the same time the dimensions are determined 
in the way that one can introduce the no-flux boundary conditions on the bottom 
and lateral surfaces limiting the domain considered. The thicknesses of successive 
layers are equal to Lu L2, L3 and Z = L3+ Lq + L3.
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The boundary conditions given on the contact surface between epidermis- 
-dermis and dermis-sub-cutaneous region are assumed in the form of continuity 
ones, námely

re
dTe(x,t)_ dTe+l(x,t)

A -, A+i -, 
oz. oz (3)

At the same time, indexes e i e + 1 identify the sub-domains being in thermal con­
tact.

On the external surface (z = 0), the boundary heat flux is given (the Neumann 
boundary condition)

i— 3 T (x, r ) /\xeT0: -Xj——- = qh\x,i}, (4)
on

in particular

x = {r,z}eF0: qh (x,t)= qQ exp
2(ä/3)2

re[0,Z?l t<tp, (5)

where R/3 = G is the standard déviation of a normal distribution of heat source, qQ 
is the factor corresponding to the maximum incident heat flux and tp is the expo- 
sure time. For t > tp on the surface considered, the Robin condition should be taken 
into account

dT. (x,t) r / > iro : -A 1V 7 = </[?; -rj,
on

(6)

where a is the heat transfer coefficient, Ta is the ambient temperaturę.
On the conventionally assumed lateral and bottom surface of the cylinder, no- 

flux conditions can be taken into account

{r, z}e F_, : - Xe = 0, n = r u z . 
dn

(7)

The initial condition is also given

t = 0: Te(x,t)=TeQ(x). (8)

The above presented system of energy équations and boundary-initial condi­
tions constitutes the mathematical model of the problem discussed - Figure 2.
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It should be pointed out that for the epidermis domain, both Qp and Q„, are 
equal to zero [7].

Fig. 2. Axially-symmetrical tissue domain

From the numerical point of view the same mathematical model can be a base 
for computer program construction in the case of a homogeneous tissue domain. It 
is sufficient to assume the same values of thermophysical parameters for succes­
sive sub-domains.

2. Modeling of tissue destruction (a burn degree)

Thermal damage of biological tissue can be treated as a certain Chemical pro- 
cess and a burn degree can be found using the first order Arrhenius équation (Hen­
riques burn integral [4, 5, 8, 9]). This integral determined the tissue damage on 
the basis of the protein dénaturation rate and the local changes of tissue tempera­
turę, in particular 

dř,
AE

(9)

where P [1/s] is the pre-exponential factor, AE [J/mol] is the activation energy and 
Rg [kJ/(kmol K)] is the gas constant (Rg = 8.3114472). The values of P and AE can 
be found experimentally and they can be found in literatuře (e.g. [5, 7]). It is said 
that a I step burn degree appears when 7>0.53, II step - I> 1 and III step - 
I> 104.
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Assuming the knowledge of the function describing the boundary heat flux, one 
can find the so-called thermal dose, this means

l,’ 2lt R
TD = j j J<70exp 

0 0 0 2(7?/3)2
• r dr dtp dt, (10)

in other words

TP- 27I(1 9/2^pgo7?2^O.69zpgo7?2. (11)

3. Results of computations

The problem discussed has been solved using numerical methods, in particular 
the Control Volume Method has been applied. The details concerning the CVM 
algorithm can be found in [10, 11, 13].

The cylindrical domain of biological tissue (R = 20 mm, Z = 12.1 mm) has been 
considered. At the stage of a heterogeneous problem solution, the following thick- 
nesses of layers hâve been taken into account: Lt =0.1 mm, L2 = 2 mm, L3 = 
= 10 mm. The mean values of the thermophysical parameters of successive layers: 
Xi = 0.235 W/(mK), X2 = 0.445 W/(mK), X3 = 0.185 W/(mK), ci = 
= 4.3068406 J/(m3K), c2 = 3.96406 J/(m3K), c3 = 2.674406 J/(m3K) and 
ch = 3.9962406 J/(m3K), Th = 37°C, Ghl = 0, Gh2 = Gh3 = 0.00125 (m3 blood/s/m3 
tissue), Qml = 0, Qm2 = Qm3 = 245 W/m3 (rest conditions). Initial conditions Te0(x) 
hâve been determined on the basis of the solution of steady state équation (1) with 
boundary conditions (6) and (7), ambient température Ta = 20°C, heat transfer 
coefficient a = 10 W/(m2K). Parameters of burn integral: AE = 6.285405 J/mol, 
P = 3.14098 1/s.

The first example of computations has been solved under the assumption that 
the exposure time of the heat source equals tp = 5 s, while the maximum incident 
heat flux q0 = 20 kW/m2. In Figure 3, the courses of isotherms for the time of 5 s 
(the end of heat source exposure time) and also for time t = 10 s are shown. 
In Figure 4, the changes of température and burn integral at points selected from 
the tissue domain: A (0, Lj), B (R/4. LJ, C (R/2, LJ, D (0, L3+ LJ, E (R/4, L3+ Lq), 
F (R/2, L3+ LJ are presented. One can see that at point A, a 2"d degree burn occurs. 
The results shown in Figure 5 concern the profiles of température and burn inte­
gra! for the selected times at the symmetry axis (r = 0) of the domain considered. It 
should be pointed out that the values of burn integral grow even after termination 
of the external heat flux. If the tissue température decreases (as a resuit of heat 
dissipation to the environment or the process of blood perfusion), then the previ- 
ous growth of burn integral stops.
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Fig. 3. Courses of isotherms in skin tissue at 5 s and 10 s 
(Parameters of extemal heat source: q0 = 20 kW/nr and rp = 5 s)

Fig. 4. Température historiés (left side) and bum integral historiés (right side) 
at selected points in tissue domain: A (0, Lt), B (R/4, £,). C (R/2, Lt), D (0, Lt+ L2), 

E (R/4. £,+ £,). F (R/2, £,+ £,)

Fig. 5. Profiles of température (left-side) and burn integral (right-side) 
at selected moments of time at symmetry axis of cylinder domain (r = 0)

The second example deals with détermination of the relationship between the 
values of q0 and tp for which may occur a first-, second- or third-degree burn 
(i.e. when the value of burn integral on the surface between the skin layer and the 
dermis exceeds the specified value). At the stage of numerical simulations, the
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values q0 and tp from ranges q0 G [10 kW/m2, 30 kW/m2] and tp G [0 s, 15 s] hâve 
been taken into account. The computations for succesive cases were terminated 
when the température in the entire area of the tissue went below 50°C (then an 
increase of burn integral is not very significant). For each simulation, a value of 
burn integral at point (0, LJ was observed. This point is located in the symmetry 
axis of the cylinder between the epidermis and dermis régions - and it is most 
sensitive to the impact of the heat flux. In addition, the thermal dose (11) for both 
Parameters q0 and tp has been calculated. In Figure 6 the results obtained are pre- 
sented in the form of isolines. It should be noted that the specified value of the 
thermal dose absorbed by the tissue does not always cause burns. For example, the 
value of thermal dose TD = 20 J for q0 = 10 kW/m2 does not cause burns, but for 
q0 = 30 kW/m2 a 2"d degree burn appears.

Fig. 6. Dependence of burn intégral and thermal dose (thin lines - isolines of thermal 
dose, thick lines - selected isolines of burn intégral)

The last example has been solved as a non-linear task concerning the homoge- 
neous tissue domain. The température-dependent mean thermophysical parameters 
of tissue hâve been introduced in the form [2, 12]:

c(7) = 106<

3.8,
3.8 + 2.339515(7-98),
0.44-4.019515(7-102),
0.44,

7 <98 
98<7<100 

100 <7 <102
7 >102

(12)
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while the thermal conductivity is defined as follows

0.52,
À(r) = 10.52-0.107(r-98),

0.092,

T<98
98<T<102

T>102.
(13)

The perfusion heat source (because of approachable numerical data, formula (2) 
was somewhat changed)

Qh(T) = cBWB(T)[TB-T(x,t)], (14)

where cB = 3900 J/(kgK) is the spécifie heat of blood, WB [kg/(m3s)] is the volu­
métrie perfusion coefficient, TB = 37°C is the blood temperaturę and

1.159,
WB = 1.159[l + 9.6(T-42.5)],

28.975,

T<42.5
42.5 < T < 45

T>45

Additionally

ß,„rt(T) = 1091[l +0.1(7-37)].

(15)

(16)

For example, if T=45°C then the capacity of the metabolic heat source equals 
Qmet= 1963.8 W/m3.

Figure 7 shows the changes of température and burn integral at the points se- 
lected from the tissue domain. The simulation was done for the same geometry of 
the domain and the same parameters determining the boundary conditions as pre- 
viously. One can see that the tissue température after heating is several degrees 
lower in comparison to the first example.

Fig. 7. Température historiés (left side) and bum intégral historiés (right side) 
at selected points in tissue domain: A (0, Lt), B (R/4, Z.,), C (R/2, Lt), D (0, Lt+ L2), 

E (R/4, £,+ /.J. F (R/2, £,+ L2) for homogeneous tissue domain



Numerical modeling of biological tissue heating. Admissible thermal dose 19

Conclusions

The study described in this páper investigated the thermal processes occurring 
in skin tissue. The tissue was subjected to the influence of an external heat source 
in the form of a 2D Gauss-type function. This source can cause burns of the skin 
tissue. At the stage of numerical simulation (the 2D axially-symmetric task), the 
control volume method was used. This method in a relatively simple way allows 
one to také into account the homogeneity and heterogeneity of the layers of skin 
tissue. The computer program worked out by the authors of this paper gives the 
possibility to estimate the impact of the external heat flux intensity and the expo- 
sure time to the possibility of burn formation, simultaneously it is possible to dé­
termine the degree of skin burn.
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