
Scientific Research of the Institute of Mathematics and Computer Science, 1(10) 2011, 215-221

VARIATIONAL ANALYSIS OF ONE-DIMENSIONAL 
NONCONVEX NEUMANN PROBLEM

Piotr Puchała

Institute of Mathematics, Częstochowa University of Technology, Poland 
piotr.puchała @ im.pc~.pl

Abstract. We consider a variational formulation of a nonconvex one-dimensional Neumann 
problem. The method of obtaining infimum of a relevant functional is based on a general 
theorem attributed to Z. Naniewicz, of the minimization of a certain dass of nonconvex 
functionals.

Introduction

In many practical problems, for instance in nonlinear elasticity, we often mini- 
mize integral functional ! of the form

ï(u) := I f(x7u(x), Du(x)J dXj

n

where .Q. iz R’! is a bounded domain, n:£l -? ]Rm is a function from Sobolev space 
> 1, (i.e. u and its first distributional derivative belong to ^(il)) and 

/: fl X US” X Bä™ -> HS is the Carathéodory function. This latter demand means 
that we want / to be measurable with respect to the first variable and it is contin­
uons with respect to the second and third variables.

The idea of the direct method of minimizing such functionals is to consider 
a minimizing sequence <z that is a sequence such that

= ÍtiF{7(u):u £

What we háve to do is to show that admits subsequence convergent 
(in a suitable topology) to some point tig, £ W1# (íl) and establish the lower semi- 
continuity of l (with respect to that topology). Then ua is a minimum of [ because

inf{/(u):u ë = lim = Um Z(uw.. ) > £(łl9) > ittfZ.

The crucial and most difficult task here is to prove the lower semicontinuity of I.
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It is known that if f is the Carathéodory and fulfils suitable growth conditions, 
then the lower semicontinuity of I is équivalent to the so-called quasiconvexity of 
f. We refer to [1] for details. However, if f is not quasiconvex, the above proce­
dure is not applicable. One of the most popular methods is to consider relaxed 
Problems: we quasiconvexify the integrand f. The infimum of the relaxed func- 
tional remains the same, but some important information concerning the oscillato- 
ry nature of the minimizing sequences is lost. This is a serious drawback because 
from the applicational point of view, the detailed structure of minimizing sequen­
ces is often as important as the minimizers themselves. Another problem is that in 
general it is very difficult to find the relaxation formula for a given nonconvex 
functional.

In 2001 Z. Naniewicz [2] proved the theorem enabling us to seek minima of 
functionals with integrands being a minimum of convex functions. He also ana- 
lyzed the one-dimensional nonconvex Dirichlet problem. In this páper we use his 
theorem to analýze the one-dimensional nonconvex Neumann problem.

1. Minimization theorem

Let us first introduce some notations. By Í1 we will dénoté the bounded domain 
in R” with the Lipschitz continuous boundary. iJ-’-ÇiljR™) will stand for the Sobo­
lev space of all the functions that are square integrable together with their first 
partial distributional derivatives. We will also use the abbreviations a.a. and a.e. 
instead of almost ail and almost everywhere (with respect to the Lebesgue meas- 
ure) respectively. For v E if fl; IR™) we will consider the functional

jít.') = I mitif/pç,v(xj,Dv(.v)),^(x,v(x),Dv(x))]íÍÍ1.
n ' (1)

where g:£l X IR™ X IR™™ -> IB are such that:
(i) ¥(if) E R™ X R"™ -* IR the functions

il 9 i f(_x,sr^, il 9 x g(x,s,Ç) are measurable;
(ii) fara.axEil functions

R™ x IR"™ 9 Uf) f(x, s, £), R™ X R™™ 9 fef) -» g(x,s,f)

are continuous;
(iïi) flCv) + c(|s|2 +- |f |2) < fUif) < 4- C(|s|2 + If I21

a(x) -I- c(|s|2 + |f I2) < f) < A(x) -I- C(|s|2 + |f |21 
where aQ and AÇ) are integrable functions in il and c, C are positive 
constants.

Notice also that the left hand side of condition (jjïJi implies the coercivity of 
the functional
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JČu) = j f(x,

We will further write such intégrais in the form Jn f(iz) díl to simplify the no­
tation.

Remark
In a one-dimensional case, if n = u(t) is the position of the particie moving 

with the velocity = u’Ct) and /(W-S, í) = 7?", then functional I describes 
the kinetic energy of that particie.

Now we state the définition of the quasiconvexity. Let ûj c Ji" be a bounded 
domain, Cq(fi), JR™) - the space of ail vector functions z = (zlf...zn) such that for 
ail i = 1, ...,n function Z; has a compact support in w and is continuous with its 
first distributional derivative.

Definition 1
Let h: IE™™ -> Ji. We say that fi is quasiconvex if for every matrix f £ IK"m, 

every w and every 2 described above, the following inequality holds:

meas(<ü) ■ j -I- Dz(x)) dx, 

Cü

where meas(a) stands for the Lebesgue measure of the set tn.

Remark
(a) The most typical example of a quasiconvex function is the convex function.
(b) In the scalar case (n = Lor m = ’l), the notions of convexity and quasicon­

vexity are équivalent.
(c) The notion of quasiconvexity was introduced by Charles B. Morley in 1952. 

For it turned out that the assumption of the convexity of the integrand of 
energy functional I is inconsistent with the principle of the material frame - 
indifférence. See [3] for a review of the topie.

We consider the minimization problem of the form

(v): v € ff 1(ri; K.™)} := a, CjOJ

where / is given by (1):

7(v) = | min{f(v),ď(f)íížíl.
n

It is known that if f fulfils conditions (i), (či) and (iii*): ü<f(xi'f) — 
m.w + Cl.Jsl- -I- |f |-), then the sequential weak lower semicontinuity of I is 
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équivalent to the quasiconvexity of f with respect to the third variable. However, 
the integrand of / is not quasiconvex in general, therefore the resuit is not appli­
cable.

Theorem 2 (Z. Naniewicz 2001)
Suppose that functions f and g are quasiconvex and satisfy (j), (ü) and (iü)- 

Then there exist:
(a) sequence G K* « weakly in H1 (il; IB.™),
(b) sequences z^źTCil; IB."1) -> {0,1}, 7^ î#1 (il; IB™) -ř {0,1}

r cr

with = 1 such that weakf! in
i”(C‘i with : ÍT -> [0,1], ^ïil -> [0,lLand7f + %3 = 1-

These sequences hâve the properties:
(c) -I- díl = a;
(d) Vv,w e ffHíl; I®™) j"o [ Z/tóC“k)Kuk) -F (ufc)ff(Ltfc)] díl <

Xi [Z/0v)f(w) + Z^(v)^(iv)] rf.il.

If additionally
(e) limsup fr_ [ (uk)(f(ult) - t(u)) + Zřítit) (ff(tit) - ffC«))] díl 0, as

-4 qd, then u
is a solution of the primai problem (^j), i.e. I,, miti(/,(i;)J3(u))dil = a and, 

moreover, Umk_Q; ( f(uj - f(u)) díl = 0 and ß, (g(uk) - g(u)) díl = 0.

The above theorem enables us to introduce term called the relaxation term. 
Námely, we hâve

J (z/Ä«) +-ZjffU)) dft - Ä = a, 

à

and if (ZfA“) + Ztfďfr)) = tniti(/(u), $(u) J thenSi = 0.

In many practical cases it is possible to find the explicit formula for 
H. = This is the subject of the next section.

2. One-dimensional nonconvex Neumann problem

Let il := 1 = (0,1) and define for u t Hq (/), the functional

7(u) := j minuti|u’|z + n2,4n(|ur — 112 + u2) + cjrfx, 

2



Variational analysis of one-dimensional nonconvex Neumann problem 219

Where a, c are real constants, a > ü- We consider the following minimization 
problem:

itiíp (v) : v E = tr (2)

We proceed analogously as in [2]. According to Theorem 2 there sequences (UjJ, 
)'I such that there holds an inequality:

j + “û + 4^ - 112 + uO + c]}iïx <
i

Ł

This means that is the critical point of the functional

f (O := f k 12 + O + ræ [H1 v' ~112 + + C] J dx = 

Z

= I + Ip + (4)
J < J il ■ Ł t « J
J

Therefore Vw E HgiJJ we hâve

J -1)]w' + aukwjdr = 0.

i

By the du Bois-Raymond lemma, constant ek E IE exists such that

- 1) = j fiufti»d5+ ek. (5)

a

For H' E Hp(I) dénoté := Equation (4) has now the form

7^ a4 + 7^(4 -1) = ek. (&;i

Multyplying (6) by uj. and doing some algebraic manipulations we get

(JÖ1 l F 12 . (.Wili -112,1 , 307Z -a|irk I - + -a|tzk - 1k + c =

l-TT-r i r i 1 r 1 (.SJ t - 1 tfc-’ - 1 Fi (ÄJ f-y-i““ir+ÿTi, fl + 2auk+iii c- V)
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Observe that the left hand side of (7) is exactly the integrand of fk given by (4).
Now, multiplying (5) by and using the fact that ’ Xg = 0 we get

i Ud t i , 1 W .1 00~Xg OUk=~Xg ^k)+-Xg ek+-jXâ

which inserted into (7) leads to

= j 12 + 7^£ï|i4- 1|2 + |auk + z^c)Ær =

/

= j c+f-'u< + dx (8)

Sequence (ą) as bounded in JK has a subsequence convergent to some e g K, 
By the Sobolev imbedding theorem, sequence (ti&) is convergent to some "u in 
Ci J), This means that we can pass to the limit as i -> co in (8) and get

f(u) = a = j Qif(u)u' +(9)

i

Again from (6) we get

(fc} ř Tf/ ’■> (k) - (k)Xf auk = H(uk)xf 4-^ gt

and

Xg auk=H(uk)x£ +Xg ek+Xg

Adding the above inequalities yields

uk=+4W

As each term in this equality is weakly convergent in £2(7), we can pass to gc 
with fc:

u'=iH(u) + (10)

With the help of (10) we can then write

^iXf luT = ™ 2 + ^XfXg^u'
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and

|u' - l|z = -

+ÿiZÆ,

and further

|ď 12 4- |ď - 112 4- 4- %a i: =

= |jT(ii)ïir 4-|í?u' - fyge 4- 4- Xgc 4-^Z?«'

Observe that the right hand side of the above équation is in fact the integrand in (9) 
plus Xgc and ^sXfa-

We can now write the expression for the infimum of J:

a = I Q/ř(u)u' - 4- 4- |au2 4- Xg c] dx =

f

= j [^r-lu'la + ^ď|u' -l|ž +^u2 +foc]cta-M'Míí), (11)

1 

where

:= j = ^gX/a

í

is the relaxation term. Of course Ji takés its maximum value if Z/ = Xg = ž. If 
Zy = 0orzď = 0, then the relaxation term vanishes and we háve the solution of 
the classical one-dimensional Neumann problem. In paticular, this is the case if 

œsequence Zf converges strongly to 1 (or Q) i.e. if it is constant for all ,< larger 
than some fc0.
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