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PROBABILISTIC PROPERTIES OF
THE SETS OF DETEMINISTIC SEQUENCES

The páper shows the conséquences of frequential définition of probability which is 
natural from the intuitive point of view. In particular: probability isn't a u-additive fun- 
ction and the family of events isn't a u-field and even it isn't a field.
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A family^ <=2J (A ^0) will be called a half -field in A if
ZA 0, 

A e^Z^> A' = A\A^Z,
A,B <^Z,Ac\B =0 ^>AuB^Z

and a a-half-field in A (Dynkin system [2]) if
A ^Z, 

A eZ^> A'eZ,
A„eZ, neN, ri,n A,=0,i Ai =>H An^Z.

Corollary 1. A family Z is a half-field in A if
A^Z, 

A,B &Z Ac B => B\A ^Z,
A,B^Z Ar,B = 0 => AuB^Z.

Moreover for every half-field Z in A we hâve

0^Z, 
A,B, Ar\BeZ=> Au B, A\B e Zt

A\,...,An e Z, AtC\A, = 0, i Aj => (J,At

Corollary 2. A family is a field in A (i.e. Z 0; A &Z => A'&Z-,

A,B ^Z => Au B e z} iff Z is a half-field in ri and >S"is a n-system
(i.e. A,B ^Z Ac\ B Z} [2],
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Corollary 3. A c-half-heid is a half-field and a family^is a c-tield
N A„ e^) iff^is

a c-half-field and Z is an-system.

Now let x cz An A *0) and foi a tunction S: A —> R we define

S(A) = {(S(A,) : i e N) : : i e N) e À}

which will be called an Operationen À and

W)> = limn_>co — V'* ,S(X,) 
n ' 1

if the above limit exists for every (A, : z e N) e/. and it is identic 
for ail these sequences. (S(A)) will be called an average of the 
operation S on À.

Definition.
A set A cz A will be called an event under the set 0 À cz AN 
(shortly À-event) if there exists the average ( h(À)), (where l^(x) = 1 
for x eyland 1A (x) = 0 for xg /4)i.e. if for ail (Ą : ï eN) e À there 
exists common limit of the sequences 

of fréquences of the set A. This average will be called ^-probability
of the À-event/4 and will be noticed P>(/4).

For the family^ of allÀ-events we hâve
Hh) = (lXÀ> for A eZA..

Proposition.
The family>Â| is a half-field in A and P;is nonnegative (Pz(/4) > 0 for/4 e ZÂ) 
normed (P>(A) = 1) and additive function on Z,
(i.e. Pi(/4 uB) = P//4) + PZ(B) for A,B eZ, such that A n B = 0).

Corollary 4. À-probability has the following properties:
P/(ß 1 A) = PABi - Pz(/4), P (B) > P>(/4) for A,B e Z> such that /4cz B\

PxOť) = 1 - P;(/4) for A eZu,
PZ(JU B) = PZ(J) + P/B) - P;(/4r 1 B\ P,(zi I B) = Pz(/4) - Pz(/4 n B) 

for A,B e ^ZÄ such that An B e
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Corollary 5. The family^ is complet under P> i.e.
Be^, A cz B. P;(B) = 0 => A e (P^A) = 0)

and it has the following properties:
Be Z,, A zd B, P2(B) = 1 => A (P2(^) = 1);

Be X, P/B) = 0 => An B (PzMn B) = 0) for ail A cz A\
A.B&JZ,, P/B) = 1 => An B {PAAn B) = PZM)).

For 0 * À cz An we define the set B; of ail realizations of À by 
RÄ = {xe A : 3 (A, : i e N) e À 3 i e N such that x = A,}.

Corollary 6. The family^ has the following properties:
Bae^(PXBa) = l),

An RÁ = 0 => A e (P.Ç4) = 0),
Ba cz A => A e ^(P;(A) = 1),

A => An RÄ (P£A) = PÄ(An B2)).
Remark l.There exist the set A and >.c Z such that the À-probability 
isn't a-additive function onX .
Proof. Let A be an infinite set, say { À2,...} cz A.
Let X = {(Ài, À2,...)} and A„ = {X„}, n e N. It is easy to see that

(J A „, An e >2^, n e N, A,n Aj = &,i j
and _ .—,oo

because
pX U1A n)= 1 and PX^X = 0 for ail n e N.

Remark 2.There exist the set A and X <= AN such that the family^ 
isn't a a-half-field.

Proof. Let A be an infinite set and
{Ài, À2,...} {À]',À2',...} cz A, {Ài, X2,...} o {À]',À2',...} = 0.

For À = {(A„ : « e N), : n e N)} and An = {À„}, n e N we hâve
A„ for «e N because PaG4„) — 0 for ail n e N and
A = U A n because

lim„ _> oo - Y” 1 XÀ) = 1 
n

but
lim„ _> oo - Y" 1 X-V) = 0.

n
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Remark 3. There exist the set A and À <z A N such that the family^ 
isn't a field (n-system).

Proof. Let A = R and {A„ : n g N }, { A„' : n e N } be the sets such that
n e N} u { :n e N} c [0,1], {A„ : n e N} n {A„' : n e N} = 0

and
“Hi1 i-oqx)(Ať) -> F(x), i-«), x)W) m

where

F(x) = J 1 [01](/)í//, xe R
—00

(see Glivenko - Cantelli theorem [2]).
For A = ((-co ,‘/2)n {A„’ : n e N}) u ([1/2,+ oo)\{A„' : n g N}),
B = (-co ,16) and A = {(A„: n g N), (A„' : n g N)} we háve

A,B gand Ac\B
because

(b(Á)> =1 =(1XÁ)>

but
1 x-i"lim„ _> oo - V 1 A n £(A,) = 0
n

and
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