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Abstract. In this paper the problem of the equivalence of the tangency relation T;(a, b, k, p)
of the rectifiable arcs in the generalized metric spaces is considered. Some sufficient condi-
tions for the equivalence of this relation of the rectifiable arcs have been given here.

Introduction

Let E be an arbitrary non-empty set, and Fy the family of all non-empty
subsets of the set E. Let | be a non-negative real function defined on the
Cartesian product Fg x Ey, and let [y be the function of the form:

lo(z,y) = 1({z},{y}) for z,yecE (1)

If we put some conditions on the function [, then the function Iy defined by
the formula (1) will be the metric of the set E. For this reason the pair (F,1)
can be treated as a certain generalization of the metric space and we will call
it (see [1]) the generalized metric space.

Using (1) we may define in the space (F,[), similarly as in a metric space,
the following notions: the sphere Sj(p,r) and the ball K;(p,r) with centre at
the point p and radius r.

Let a, b be arbitrary non-negative real functions defined in a certain right-
hand side neighbourhood of 0 such that

a(r)——0 and b(r)——0 (2)
r—0+ r—0+

By Si(p, )y (see [1, 2]) we will denote the so-called u-neighbourhood of the
sphere Sj(p,r) in the space (F,[) defined by the formula:

U Ki(qu) for u>0
Si(p,r)u = 4€Silp.r) (3)
Si(p,T) for ©w=0
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We say that the pair (A4, B) of sets A, B € Ey is (a, b)-clustered at the point
p of the space (E,1), if 0 is the cluster point of the set of all real numbers r > 0
such that AN Sy(p,7)qry # 0 and BN Sy(p,)aqr) # 0.

Let (see [3, 4])

Ti(a,b,k,p) ={(A,B) : A, B € Ey, the pair (A, B) is (a, b)-clustered
at the point p of the space (E,l) and
1
FUANSUP, Py, BOSUP, o)) - 0} (4)

If (A, B) € Ti(a, b, k,p), then we say that the set A € Ey is (a, b)-tangent of
order k > 0 to the set B € Ey at the point p of the space (F,1).

The set Tj(a,b, k,p) defined by (4) we will call the (a, b)-tangency relation
of order k of sets at the point p in the generalized metric space (F, ).

We say that the tangency relation Tj(a, b, k, p) is the equivalence in the set
E | if is reflexive, symmetric and transitive relation in this set.

Let p be a metric of the set E and let A, B be arbitrary sets of the family
Ey. Let us denote

p(A, B) =inf{p(z,y) : v € A, y € B}, dpA=sup{p(z,y): v,y € A} (5)
By 3§, we shall denote the class of all functions [ fulfilling the conditions:

19 1: Ey x By — [0, 00),

29 p(A,B) <I(A,B) <d,(AUB) for A,B € E.
From (1) and from the condition 2° we get the equality:

I({z},{y}) = lo(x,y) = p(x,y) for [ €F, and z,y € E (6)

From the above equality it follows that every function [ € §, generates on the
set I/ the metric p.

In this paper the problem of the equivalence of the tangency relation
Ti(a,b, k,p) of the rectifiable arcs in the spaces (FE, 1), for the functions [ be-
longing to the class §, is considered.

1. The equivalence of the tangency relation of the rectifiable arcs

Let p be a metric of the set F, and let A be any set of the family Ey. By
A’ we shall denote the set of all cluster points of the set A.

By le we will denote the class of sets of the form (see [5, 6]):
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/Nlp = {A € Ey: A is rectifiable arc with the origin at the point p € F and
e

D)

A 31:—>pp(p, [17)

where {(pz) denotes the lenght of the arc pr with the ends p and z.

=g < oo} (7)

From the considerations of the paper [4] and from Lemma 2.1 of the paper [7]
follows the following corollary:

Corollary 1. If the function a fulfils the condition

@'—J) (8)

T  r—=0t

then for an arbitrary arc A € Zp

1
;dp(A N Sp(P.7)a(ry) —— 0 9)

r—0t

We say that the tangency relation Tj(a, b, k, p) is reflexive in the set F, if
(A, A) € Ti(a,b,k,p) for A€ Ey (10)
Using Corollary 1 we shall prove the following theorem:
Theorem 1. If | € §,, functions a,b fulfil the condition
ﬂ_m and @%0 (11)
r oot —

then the tangency relation Ti(a,b,1,p) is reflexive in the class /Nlp of the rec-
tifiable arcs.

Proof. From the inequality
d,(AUB) <d,A+d,B+ p(A,B) for A, B e E (12)
and from the fact that
P(AN S (D, 7)a(r)y, AN Sp(D;7)p(r) =0 for A€ Ey (13)
we get
0< l(A N Sp(pv T)a(r)v AN Sp(pa T)b(r))
< dp((A N Sﬂ(pv r)a(?“)) U (A N Sp(p7 r)b(T)))



46 T. Konik

< dp(A N Sp(p7 r)a(r)) + dp(A N Sp(p7 T)b(r)))
+ p(A N Sp(pa T)a(r)a AN Sp(p7 T)b(r))
= dp(AmSp(pv T)a(r)) +dP(AﬂSp(pa T)b(r)) (14)

From the assumption (8) and from Corollary 1 it follows that

1
- 1
TdP(AﬂSp(paT)a(r))mO ( 5)
and
1
- 1
rdp(AﬂSp(I% )b(r)) mo (16)
From (15), (16) and from the inequality (14) we get
1
;l(AﬂSp(paT)a(r)v AN S, (D, 7)p(r)) TO (17)

Hence and from the fact that the pair of arcs (A, A) is (a, b)-clustered at the
point p of the space (E,!) it follows that (A, A) € Tj(a,b, 1,pL what means

that the tangency relation Tj(a, b, 1, p) is reflexive in the class A,.
We call the tangency relation Tj(a, b, k, p) symmetric in the set F, iff
(A,B) € Ti(a,b, k,p) = (B, A) € Ti(a,b, k,p) for A, B € Ejy. (18)
Theorem 2. If functions a,b fulfil the condition (11) and 1 € §,, then for

arbitrary arcs of the class A, the tangency relation Tj(a,b, 1,p) is symmetric.

Proof. We assume that (A, B) € Tj(a,b,1,p) for A,B € /Nlp and | € §,.
From here and from the Theorem 2 of the paper [4] on the compatibility of
the tangency relation of arcs it follows that (A, B) € T;(b,a, 1, p).

Therefore
1
;Z(Amsp(pv T)b(r)vB ﬂSp(pv T)a(r)) —0 (19)

r—0t

From the inequality (12) and from the assumption that [ € §,, we get
0 <IU(BNSy(p,7)awr), AN Sp(0:7)b(r))
< dp((BNSp(p;7)ary) U (AN S,(p, 7))
< dp(ANSp(p, 1)ir)) + dp(B N Sio(P:7)a(r))
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+ p(ANS,(p, T)b(,«), BN S,(p, r)a(r))
S dp(A N Sp(p, T)b(r)) + dp(B N Sp(pa r)a(?“))
+ l(A N Sp(p, T)b(,«), BN Sp(pa T)a(r))‘

Hence, from (19) and from Corollary 1 of this paper it follows that
1
;l(B N Sp(pa T)a(r)aAmSp(pv T)b(r)) TO (20)
Hence and from the fact that the pair of arcs (B, A) is (a, b)-clustered at
the point p of the space (E, 1) it follows that (B, A) € Tj(a,b, 1,p). This means
that the tangency relation 7j(a,b, 1, p) is symmetric in the class of arcs A,,.

We say that the tangency relation Tj(a, b, k, p) is transitive in the set F, if
for A,B,C € Ej

[(A, B) € Ti(a,b,k,p) N (B,C) € Ti(a,b,k,p)] = (A, C) € Ti(a,b, k,p).

Theorem 3. If functions a,b fulfil the condition (11) and | € §,, then for
arbitrary arcs of the class A, the tangency relation Tj(a,b,1,p) is transitive
relation.

Proof. We assume that (A, B) € Ti(a,b,1,p) and (B,C) € Ti(a,b,1,p) for

arbitrary arcs A, B,C € A, and the function [ € §,.
From here it follows that

1

;Z(A N Sp(Ds7)a(rys B O Sp(07)b(r)) — 0 (21)
and

1

;Z(B N Sp(Ds7)a(rys C N Sp(D,7)p(r)) — 0 (22)

From (22) and from the Theorem 2 of the paper [4] on the compatibility of
the tangency relation of arcs it results

1
LB NSy (p,7)prys C N Sp(p, M)iry) —— 0 (23)

T r—0+

From the conditions (12), (13) and from the fact that [ € F,, we get
0< l(A N Sp(pa T)a(r)v cn Sp(pv T)b(r))
S dp((ANSp(P,7)a(r) U (C N Sp(P,7)b(r)))
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< dp(((ANSp(p;7)a(r) U (B O Sp(pm)ur)))
U((BNSp(p, m)iry) U(C N Sy(p,m)ry)))
< dp((AN Sp(,7)a(r) U (BN Sp(p, 7))
+ dp((B N Sp(p,m)ery) U (C N Sp(p, 7))
< dp(AN Sp(p, T)a(r)) + dp(B N Sp(p, T)b(r))
+ p(ANSp(D,7)a(rys BN Sp(p, 7))
+ dp(B N Sp(p, T)b(r)) +dp(C' N Sp(p, T)b(r))
+ (BN Sp(p;m)p(rys C NV Sp(, 7))
< dp(ANSp(p;7)a(r)) + 2dp(B N Sy(p,m)er)) + dp(C N0 Sp(p 7))
+UANS, (D, )a(r), BN Sp(0, 7)) + LB NSy, 7)), € NV Sp(0 7))

From the above inequality, from the assumptions of this theorem, from
Corollary 1 of this paper and from the conditions (21) and (23) it follows that

%Z(A 50, )ay,C 0 Sy0s i) — 0 (24)
Because the pair (A, C) of arcs of the class ﬁp is (a, b)-clustered at the point p
of the space (F,1), then from here and from the condition (24) it follows that
(A,C) € Ti(a,b,1,p), what means that the tangency relation Tj(a,b,1,p) is
transitive relation for arbitrary arcs belonging to the class ﬁp and the function
funkcji I € .

From the Theorems 1-3 of this paper we get the following corollary:

Corollary 2. If | € §, and the functions a,b fulfil the condition (11),

then the tangency relation Tj(a,b,1,p) is the equivalence in the class A, of
rectifiable arcs.

If

(pr) _
Az—pp(p, x)
then we say say that the rectifiable arc A € Ey with the origin at the point
p € E has the Archimedean property at the point p of the metric space (E, p).
The class of all arcs having the Archimedean property at the point p € E
we denote by A,. Obvious is following inclusion: 4, C A,.

(25)
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From here it follows that all results presented in this paper are true for the
rectifiable arcs of the class A,.
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