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Abstract. In the paper the 1D energy equation with an irtesource function is consi-
dered. For this type of equation the 1st schemeinterval boundary element method is
presented. As an example the pure metal crystadlizarocess is analyzeth the final part
of the paper the results of numerical computatifumsthe cooper crystallization process
with the interval source function are shown.

1. Interval boundary element method

Transient temperature field in 1D domain descritbesfollowing energy equa-
tion

x0(0, L): c%zm%(xm Q(x 9 (1)

wherec is the volumetric specific heak, is the thermal conductivityQ(x, t) is

the interval source function [1],, X, t denote temperature, spatial co-ordinate
and time, respectively.

The above equation must be supplemented by thewfimiy boundary-initial
conditions

x=0: F1|:T(X, t),m:| =0
JXx

x=L: FZ[T(X, t),m} -0 @)
0Xx

t=0: T(X t)=T,(X

The T' scheme of the boundary element method has bediedgp solve
the problem analyzed [2-5].
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At first the time grid is introduced
O=t’<t'<t?<..<t'<t' <. .<tf <o (3)

with a certain constant time step=t" -t '™.

The boundary interval integral equation correspogdio the transition
t'* - t" is of the form

'I:(E,tf)+{:—é tj TG, x t', DY(% t)dt} =

x=L

[1 [ a"E x t", nT(x t)dt}
C.a

]

tf—l

+jTD(E, x 0,6 )T(x {1)dw  (4)

x=0

olr

Q(x HTE, x t', dxdt

O =y —

whereé is the point where the concentrated heat sourapptied, T (&, x, t', t)

is the fundamental solutiong(§, x, t",t) is the heat flux corresponding
to the fundamental solutiordi(x, t)=-Ad T(x /9 x is the interval boundary heat
flux, T(x t) is the interval temperature value.

In the case of using the constant elements withewsto time the equation (4)
can be written as

tffl

f(E,t‘)+[%q(xt‘)j T'@E % tf.t)dt} =

{%ﬂxtﬂjq%&xtnodi HTO€, x t {)T(x {*)dx  (5)

x=0

%j(j(x, t"l){j TE, x t, t)dt} dx

tffl

The numerical approximation of this equation letmlghe following interval
equation
~ . X=L ~ x=L
TEt)+[ g€ N )] =[ M& I Tx )]+

. N (6)
PE t™™)+ZE t'™)
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where
9& W=2 [ T°G x ', ) dt=
C.s
(7)
VBt o xeg | x=F [ X8
JAc afag’ -1 | 2 2,Jant
and
_1Y% o sgn« ) [ |x-g
h(¢, x)== , d erf 8
(Y Ctj_lq(a x t', 1) dt= r{z aA} 8)
while a=A/c is the diffusion coefficient.
The interval value (€, t'™) are defined as
IS(E, tf—1)=J‘TD(E, X, tf , tf—l)T(x tf—l)dX:
9)

( _E.) f-1
21/TraA I { }T ()

and the interval values connected with the intesaairce function take the form

f

Z(x t'™)= jQ(x t') [j TE, x t, t)dt]dxz

(10)
Q(x t'™) g€ Wdx

O =y

Taking into account the boundary conditions (2) tldowing system
of interval equations is obtained

{Gn Gn}[q(o’t’)HHn le}{f(o,tf)}+
Gy Gy q(L,tf) Hy Hop| T(Lt)
F(o,tf-l)}{z(o,tf-l)}

P(L t'™) | | Z(L t'™)

G, =-9(0,0) G,,=9(0, L)
G, =-9(L 0) G,,=-9(L b

(11)

where

(12)



Solution of energy equation using the interval ltany element method 213

and

=-05 H,=h(O,L)

H 11
(13)
H,, =-h(L, 0) H,,=-0.5

After determining the 'missing’ boundary values theerval temperatures
T(&,t") at internal nodes of the domain considered areutated using
the formula

TE t")=hE DT(L t')-hE, 0)TO, t" )

- - (14)
g& L)a(L t")+ g€, 00, t' )+ PE, )+ ZE, t7)

2. Interval source function

The solidification process in one-dimensional don@dipure metal is presented
as an example of the interval source function appgain the mathematical
description. It is assumed that the nucleationfaefnt and nuclei growth one are
interval values and the both coefficients are priggpoal to the second power
of undercooling. The driving force of crystallizati is the local and temporary
undercooling below solidification poink,,. The nucleation and nuclei growth are
proportional to the second power of undercooling’[6

The interval source function can be defined usivggfollowing formula

dS(x 9
ot

Q(x H)=Q, (15)

where Q,, is the volumetric latent heafS(x ) is the interval volumetric fraction

of the solid state at the neighborhood of the poamsiderec.
In this paper the exponential solidification mogebposed by Mehl-Johnson-
Avrami-Kolmogoroff is applied

S(x 9=1-exqd-o(x {] (16)

or
§(x §=1- exr{—gn N(x ) R x f} 17)

where N(x, t) is the interval grain density [grains/fy R(x t) is the interval
value of the temporary radius of single grain.
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The interval calculations of the source functiommected with the crystalliza-
tion process modelling require to take into accdbatinterval values of the nucle-

ation coefficientyo= <Z’ 7> and the growth coefficierfie= <E' ﬁ> .

The grain density¥¥x, t) and the solidification rat&§x, t) are interval values
and are defined as follows

REx, ) =9AT( % 97 (18)
and
X, t)=fAT(X D (19)

where the undercoolindT(x, t) is expressed as

T, =S[T0c9+T(x 9], S[T0x 9+ Tx )]s T
AT (% )= (20)

0, T+ T(x ]> T,

while T(x, t) and T(x t) denote the first and the second endpoints of the

temperature interval respectively.
The interval source function is calculated accaydimthe rules of the interval
arithmetic [6] and can be expressed as follows

&ix t)=§n%[%m P +3% x ) B X P% x)ﬁ

(21)
xexp[—gn R, 1) B x 03}

3. Results of computations

Let us consider the crystallization process procegth a copper plate of di-
mensionL = 0.01 m (one-dimensional problem). The followingut data have
been introduced: initial temperatufg= 1120C, solidification pointT., = 1083C,
thermal conductivity, = 280 W/mK, specific heat = 490 J/k&, densityp = 8600

kg/nT, nuclei coefficient«7=<109—1000, 16 + 100)3 1/K?m°, growth coefficient

i :<2.95E11(76 , 3.0%] 106> m/dK?, volumetric latent hea®_, = 1754.4 MJ/M On

the left side of the domain considered the boundangition of the second type is
assumedq, = 0 W/nt, on the right side the boundary condition of tistftype is
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assumedT, = 1070C, the domain considered has been divided intodtant
elements, time stept=0.002 s.

Figures 1 and 2 illustrate the cooling curves olgdi at the nodes 1& €
0.00475 m) and 1X(= 0.00575 m) of the domain considered, where Tefdm
R denote the lower and the upper bounds of theeestyre intervals.
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Fig. 1. Cooling curves at node 10
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Fig. 2. Cooling curves at node 12

Figure 3 presents the courses of the source funetidghe same nodes, where
Source L and Source R denote the first and thenskeeadpoints of the source
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interval. Figure 4 illustrates the temporary inrmean radiuses at the nodes
10 and 12.
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Fig. 3. The courses of the source function
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Fig. 4. The courses of the radius

Summing up, the interval boundary element methoa@nseffective tool in
numerical modelling of the problems with the inedrgource function.

This paper is a part of the project "Progress angphcation of identification
methods in moving boundary problen{slio. N507 3592 33).
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